


Caveats

* Problems in the slide will be independent from midterm problems
* P(ps1lpyinslide) = P(p,)

* Review problems are mostly from homework previous years
 Midterm will be slightly easier than homework in general

 All numbers will be replaced by symbols in the slide
* |n midterm, you may need to compute

 We will cover top-K options from the Slido survey
e Survey does not cover all topics
* You still need to review all topics by yourself



Agenda & Survey result

e Bernoulli Process
e Bernoulli/ Binomial/ Poisson/ Geometry/ Neg. Bi. Review

* Counting
 Markov Inequality

e Binary Hypothesis Testing (BHT)



Bernoulli Process & Distributions



Bernoulli Process

An infinite sequence X4, X, ... s.t. X, ~Bern(p)
* Toss unfair coin many times
: Xk~Ber
2 Ck~Bl(k p) =X X;
3. Lp~Geo(p)
4. S,~NB(r,p) = )] L, :#of trials required to get r ones
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Properties

Bern(p) Bin(n,p) Poi(A) Geo(p) NB(r,p)
Relation X; Y X; dnXj,n —> Y; >nY;
Mean F YLF A= h‘)\ —;7—' -
Variance P([« P) hpu'\')_) A A ,E_
pmf Fx(‘) =P %)P{Y' ‘,) x k—( (, }"’
Example P1’%>s.¢s,)a c&o n Tossntimes Largen small p nt| fII’StB gjntllt l—f

Special (p+ )" Memoryless



Bern(p) Bin(n,p) Poi(A) Geo(p) NB(r,p)

- Mean p np A 1/p r/p
Poisson . 2 2
Variance p(1 —p) np(1 —p) A (1-p)/p r(1—p)/p
pmf - () pe —pn* e Ak (1=p)*p (rZp)a-pe

Alice misspelled the word with p < 1 probability. She wrote
an essay of n words.
* Let E denotes the number of?rpisspelled words 'O"F)
- P{E< 2}?2{:0% &) = —Zﬁ- ek 155 n Q (EL
e P{E >3|E=1}? X F-0 £/
. = . : . : 5 :
For E = e misspelled words, Alice will be fined 2e~, P(Alej

expected fine = ? 3
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2[2E] = 2 (€7 = 2L« TAB)
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Bern(p) Bin(n,p) Poi(A) Geo(p) NB(r,p)

- 5 Mean p np A 1/p r/p
Binomial . 2 2
Variance p(1 —p) np(1 —p) A (1-p)/p r(1—p)/p
pmf - () pe —pn* e Ak (1=p)*p (rZp)a-pe

An airplane has s seats but sell t > s tickets. Each customer
has probability p to show.
* P{Everyone has seats}
rﬁ  P{Everyone has seats| 2 already changed the ticket}?




Bern(p) Bin(n,p) Poi(A) Geo(p) NB(r,p)

Mean p np A 1/p T/p
GeomEt ry Variance p(1 —p) np(1—p) A 1-p)/p* r(A-p)/p*
pmf - () pe —pn* ekt A=pp (KT hya -y

Play a Roulette wheel
.+ 0=1{00,0,1,...36} I<L||=38
e Always bet“small” S = {1,2,...15} p=
e P(Lose first 3 bets)
P(First win on 5t bet)
« P(Firstwin on 6" bet | Lose on first bet)
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Bern(p) Bin(n,p) Poi(A) Geo(p) NB(r,p)

. Mean D np A 1/p r/p
Neg. Bin. Variance p(1—p)  np(1—p) 2 (1-p)/p* (1 -p)/p*
pmf - () pe —pn* e~k /Kl (1-p)Flp =D a-prerpr
X ~NB(r,p) ¥ Ha= 1y

* P(rsuccess occurs beforem loss)?
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Counting



Counting

If outcomes x € () are equally likely

P(A) = “ |||| is the ratio of event/ sample space
cardinality

Simple counting - HQH = HQAH X HQBH

* Rolladie andtoss acoin

. w/ repluerent. WA
Overcountlng Z Yel')'acemi;
* Permutation ( order matters

* Draw 5 cards one by one
e Combination (order doesn’t matter
* Draw 5 cards at once



Permutation

Order k out of n different things
. nx(n—l)><~‘-<-x(nmé\k+1) .t
- 7 — (n—k)!

Y
e E.g.Draw 5 cardsoutof 52 pne bg ohg,
* Ifthere are m; things of the same type i chosen

* Divided by m;!
* OrderILLINI é‘

31 2)



Combination

Choose n out of k different things

. (n) _n!
k)  ki(n-k)!
* Default thinking in counting problems unless

mentioned ordered, one-by-one,etc

e Mindset
* Enumerate some combinations
 Aretheycounted?
* Are they overcounted?



Lottery Example

Lottery pick 3 different numbers from 1 to 10. The host

draws 3 winning numbers. A 8 7
« P{Exactly 2 numbers match} LO

(Al (@’”‘”}’“’ 8 4 U-7)
I( L2 l\ ( [30 s celect.




Markov/ Chebyshev Inequality



Inequalities

Markov: P{Y = c} < #

* Valid only for none negative outcomes
* Large outcomes are unlikely

Chebyshev: P{|X — x| = aoy} < —
e Should not deviates from mean too much

Confidence Interval: P{p S (“ \/_,p + 2\/_)} = T+=—

a2
e Howshould we decide n if we want the estimate to be

accurate.



Inequality Example

L ~ Geo(p) and X ~ Poi(A) are independent,Y = X + L
* Bound P{Y > @)} using Markov ,{,{Y, /'\,-f“"

| P. C///F O%:k.y":%
* Bound P{Y<—} usmg Chebyshev P -
P { Y 2 ,-3 < % = KP t)
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Binary Hypothesis Testing



Two types of table T=0.> To=0 &
PXIH) X=0|X=1|X=2|X=347C |P(HX)X=0|X=1|X=2|X=3
H, 0 0.1 03 | 06 —» H O 6.02| 0.06
Ho | 04 | 03 | 0.2 0.1 |—» Hy, | .22 . .| -
<o_

Likelihood Table P(X|H)

e Goodfor ML rule
* Rowsumto1

« ColumnRatio=LRT = A_
* None chosenrow sum

gives ppiss and Pralse alarm

Joint Prob. Table P(X, H)
e Goodfor MAP rule

* Tablesumto 1
* None chosen table
sum gives Perror




Example

P(X|H,;) ~ Poi(A,) and P(XIHO) ~ POL()LO) assume—

S —— 1

* Describe ML and MAP rule
* Find corresponding p
oo o ML >7 |
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Real-Time QA



