Last lecture

Correlation and covariance (Ch 4.8)
e Examples
 Sample mean& variance, unbiased estimator (Ex. 4.8.7)

Minimum mean square error estimation (Ch4.9) Z[T , X;[
 Constant estimators ‘é[‘(]
 Unconstrained estimators ELY (X] 23*()()
* Linear estimators T

TIv(x] = axX+h,



Agenda

Minimum mean square error estimation (Ch 4.9)
* Recap
* Constant estimators
 Unconstrained estimators
* Linear estimators
 Examples

Joint Gaussian Distribution (Ch 4.11)
* Motivation
* Facts
 Examples



Estimators Recap

e (Constant estimator
¢« c" =E[Y], MSE = Var(Y)
= gl7 - (Bl f 1)
* Unconstraint estimator

. g*(X) = E[Y|X] MSE=E[Y?] — [(E[YIX]) ]
* Best estimator, but requires fy|x RV

aX*b

e Linear estimator

L. Cov(X,Y) X—
» E|Y|X] =<.UY‘|‘ SZT(X) (X — .UX)) MY"‘PXYUY( uX)

_(Cov(X,Y)) . B CT JC vl/“)
Var(X) _O-Y(l pX,Y) < { Vug()?z;(

e MSE= ¢/




Example

LetX =Y + N, Y~Exp(A) and N~N(0,0%). Assume Y and N are
iIndependent

« Find E[Y|X] = Mo ¢ c‘j\;’(%% ( XAk
My=ELY)2x Cov (%)

M= TLVANT = My < phy = 0 =lov (YN, 10

* Find the unconstrained estimator of Y =
- \/W({)%yem,/*rj
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\/ow(X) - Oy (THN, THN) = Var (Y) + Vav (M)
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Example

Suppose X and Y are uniformly distributed in the triangle.
* Find g*(u) = E[Y|X = u] and the corresponding minimum MSE

* Find E[Y|X = u], and compute MSE
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Joint Gaussian



Motivation

Describe the joint distribution of (Height, Weight)=(X, Y) of the class

* Metrics: uy, Uy, 0;%, U)%’pX,Y X~ /\/(/ch/ @D

* IsaX + bY Gaussian? S

Def.4.11.1 RV X and Y are said to be jointly Gaussian if every linear
combination aX + bY is a Gaussian random variable
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Justifying a bivariate normal
2 pdf of j""‘dd bunsiisn X, [ =7 “X‘GQYJ

Abivariate normal fy (4,v) = € x exp(~P(u, v))

e P(u,v) =au’*+buv+cv?+dutev+f

P st~ 5 (] fodulv=|

e a,c>0,b?—4ac<0

— <P = |



Standard 2-d Normal to Bivariate Normal

Let W, Z be independent standard normal

a? 2 a2+ B2 it .
° f (a ﬁ) — e_Te_bT - e_+ﬁ 2 \A)/% Ar e Jolhta &A/"LSSI&)L
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\/O\Y(X_) = Cov (&ub\hb Ai> Z/ R W+ aszz)

H > 5y > 2
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Facts

If X and Y forms the bivariate normal with uy, uy, oy, oy, p
* X ~ N(ux,05)andY ~ N(uy, 0y)
O”X‘El’\( (3'/‘7)7’6/0) 0 Lo/ U
e aX + bY isaGaussianforanya,b € R
. WX and Y are independentiifp =0
- Do () = by (Vi)
3 E[Y|X] = E[Y|X]
) NN(MX/O;/) \L

* (YIX=u) ~ NE[Y|X =u],08)
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Example

Let X and Y be jointly Gaussian with mean (0,0). ¢ = 5, gy = 2 and
Cov(X,Y) = —1.Find P{X + 2Y > 1} in terms of & function

e / =X+ 2Y is Gaussian
* Uz = /V\%-G I}L\[’: o
e Var(Z) =

Cov( X+, XY ) = Var(X)+4 G (%) + 4 Vau(Y)
=St taxe =9 Z~N[oD

Pz Lt-al5): -3 (3




Example \QKNM“
Y IX AN
Let X and Y be jointly Gaussian RV with mean 0, variance 1, and
Cov(X,Y) = p. Find E[Y?|X] °

gy D oy

e ForanyRV,Var(Z) = E[Z%] — (E[Z])'2
[ ot Z =Y | X
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Example

Let X and Y be jointly Gaussian RV with mean 0, variance 1, and
Cov(X,Y) = 0.5. Find

e Var(3X —2Y)
.

« P{(3X —2Y)% < 28}interms of ®

» E[Y|X=3] = %E‘({%'/%] 7//0\(-& CW(X’\Q(S.,M))

=11 Vior (0 )¢




Quick questions

Which plot shape best represents the contour lines of a bivariate
Gaussian?
A. Circles B. Ellipses C. Triangles D. Rectangles

If two Gaussian random variables X and Y are independent, what must

be true?
A. pxy = 0 B. Their means must be equal C. Their variances must be
equal D. Nothing specific

Suppose (X,Y) is jointly Gaussian. If p=0, what is the resulting joint
density shape?

A. Atilted ellipse B. A vertical ellipse C. Acircle D. A horizontal straight
line (T [ OFr=e
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