
Last lecture

Correlation and covariance (Ch 4.8)
• Examples
• Sample mean& variance, unbiased estimator (Ex. 4.8.7)

Minimum mean square error estimation (Ch 4.9)
• Constant estimators
• Unconstrained estimators 
• Linear estimators
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Agenda

Minimum mean square error estimation (Ch 4.9)
• Recap

• Constant estimators
• Unconstrained estimators 
• Linear estimators

• Examples

Joint Gaussian Distribution (Ch 4.11)
• Motivation
• Facts
• Examples



Estimators Recap

• Constant estimator 
• 𝑐∗ = 𝐸[𝑌],    MSE = 𝑉𝑎𝑟(𝑌)

• Unconstraint estimator
• 𝑔∗ 𝑋 = 𝐸 𝑌 𝑋    MSE=𝐸 𝑌2 − 𝐸[ 𝐸[𝑌|𝑋] 2]
• Best estimator, but requires 𝑓𝑌|𝑋

• Linear estimator
• ෠𝐸 𝑌 𝑋 = 𝜇𝑌 +

𝐶𝑜𝑣 𝑋,𝑌
𝑉𝑎𝑟 𝑋

𝑋 − 𝜇𝑋 = 𝜇𝑌 + 𝜌𝑋,𝑌𝜎𝑌(
𝑋−𝜇𝑋
𝜎𝑋

)

• MSE= 𝜎𝑌2 −
𝐶𝑜𝑣 𝑋,𝑌 2

𝑉𝑎𝑟 𝑋
= 𝜎𝑌2(1 − 𝜌𝑋,𝑌2 )
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Example

Let 𝑋 = 𝑌 + 𝑁, 𝑌~𝐸𝑥𝑝(𝜆) and 𝑁~𝑁(0, 𝜎𝑁2). Assume 𝑌 and 𝑁 are 
independent

• Find ෠𝐸[𝑌|𝑋]

• Find the unconstrained estimator of 𝑌
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Var(X) = Cov(y+ N, Y+N) = Var (y) + Var (N)
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Example

Suppose 𝑋 and 𝑌 are uniformly distributed in the triangle.
• Find 𝑔∗ 𝑢 = 𝐸 𝑌 𝑋 = 𝑢  and the corresponding minimum MSE

• Find ෠𝐸[𝑌|𝑋 = 𝑢], and compute MSE ItM
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Joint Gaussian



Motivation

Describe the joint distribution of (Height, Weight)=(𝑋, 𝑌) of the class
• Metrics: 𝜇𝑋, 𝜇𝑌, 𝜎𝑋

2, 𝜎𝑌
2, 𝜌𝑋,𝑌

• Is 𝑎𝑋 + 𝑏𝑌 Gaussian?

Def. 4.11.1 RV 𝑋 and 𝑌 are said to be jointly Gaussian if every linear 
combination 𝑎𝑋 +  𝑏𝑌 is a Gaussian random variable

• 𝑓𝑋,𝑌 𝑢, 𝑣 = 1
2𝜋𝜎𝑋𝜎𝑌 1−𝜌2 𝑒𝑥𝑝(−

𝑢−𝜇𝑋
𝜎𝑋

2
+ 𝑣−𝜇𝑌

𝜎𝑌

2
−2𝜌 𝑢−𝜇𝑋

𝜎𝑋
𝑣−𝜇𝑌

𝜎𝑌
2 1−𝜌2 )

X~ NIMx, 2x3)
Y~ N(My, 25).



Justifying a bivariate normal

A bivariate normal 𝑓𝑋,𝑌 𝑢, 𝑣 = 𝐶 × 𝑒𝑥𝑝 −𝑃 𝑢, 𝑣

• 𝑃 𝑢, 𝑣 = 𝑎𝑢2 + 𝑏𝑢𝑣 + 𝑐𝑣2 + 𝑑𝑢 + 𝑒𝑣 + 𝑓

• 𝑃 𝑢, 𝑣 → ∞ as 𝑢 + 𝑣 → ∞

• 𝑎, 𝑐 > 0, 𝑏2 − 4𝑎𝑐 < 0

-> pef of jointly Gaussian X, Y -> aX+by
,

a〜
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Standard 2-d Normal to Bivariate Normal

Let 𝑊, 𝑍 be independent standard normal

• 𝑓𝑊,𝑍 𝛼, 𝛽 = 𝑒−𝛼2
2

2𝜋
𝑒−𝑏2

2

2𝜋
= 𝑒−𝛼2+𝛽2

2

2𝜋

• 𝑋
𝑌 = 𝐴 𝑊

𝑍 +
𝜇𝑋
𝜇𝑌

• 𝐴 =

𝜎𝑋
2 (1+𝜌)

2
− 𝜎𝑋

2 (1−𝜌)
2

𝜎𝑌
2(1+𝜌)

2
𝜎𝑌

2(1−𝜌)
2
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Facts

If 𝑋 and 𝑌 forms the bivariate normal with 𝜇𝑋, 𝜇𝑌, 𝜎𝑋2, 𝜎𝑌2, 𝜌
• 𝑋 ∼ 𝑁(𝜇𝑋, 𝜎𝑋2) and 𝑌 ∼ 𝑁(𝜇𝑌, 𝜎𝑌2)

• 𝑎𝑋 + 𝑏𝑌 is a Gaussian for any 𝑎, 𝑏 ∈ ℝ

• 𝜌 = 𝜌𝑋,𝑌, 𝑋 and 𝑌 are independent iif 𝜌 = 0

• 𝐸 𝑌 𝑋 = ෠𝐸[𝑌|𝑋]

• 𝑌 𝑋 = 𝑢 ∼ 𝑁( ෠𝐸 𝑌 𝑋 = 𝑢 , 𝜎𝑒2)

aX+by (a,bs= (1,0) or 10, 15
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Example

Let 𝑋 and 𝑌 be jointly Gaussian with mean 0,0 . 𝜎𝑋2 = 5, 𝜎𝑌2 = 2 and 
𝐶𝑜𝑣 𝑋, 𝑌 = −1. Find 𝑃 𝑋 + 2𝑌 ≥ 1  in terms of Φ function

• 𝑍 = 𝑋 + 2𝑌 is Gaussian
• 𝜇𝑍 =
• 𝑉𝑎𝑟 𝑍 =

Mx+ 2 My = 0

Cor(X+24 , X+2%) = Var(X)+ 4Cor(X,Y) + 4Var(Y.)

= 5 + ( 4) + 4×2 = 9
.

Z ~ N ( 0, 9)

P= Q ( )= に(話



Example

Let 𝑋 and 𝑌 be jointly Gaussian RV with mean 0, variance 1, and 
𝐶𝑜𝑣(𝑋, 𝑌) = 𝜌. Find 𝐸 𝑌2 𝑋

• ෠𝐸 𝑌 𝑋 =

• For any RV, 𝑉𝑎𝑟 𝑍 = 𝐸 𝑍2 − 𝐸 𝑍 2

Y IX-N .
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Example

Let 𝑋 and 𝑌 be jointly Gaussian RV with mean 0, variance 1, and 
𝐶𝑜𝑣(𝑋, 𝑌) = 0.5. Find

• 𝑉𝑎𝑟 3𝑋 − 2𝑌

• 𝑃{ 3𝑋 − 2𝑌 2 ≤ 28} in terms of Φ

• 𝐸[𝑌|𝑋 = 3]
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Quick questions
Which plot shape best represents the contour lines of a bivariate 
Gaussian?   
A. Circles   B. Ellipses   C. Triangles   D. Rectangles

If two Gaussian random variables 𝑋 and 𝑌 are independent, what must 
be true?   
A. 𝜌𝑋𝑌 = 0 B. Their means must be equal C. Their variances must be 
equal D. Nothing specific

Suppose (𝑋,𝑌) is jointly Gaussian. If 𝜌=0, what is the resulting joint 
density shape?  
A. A tilted ellipse B. A vertical ellipse  C. A circle  D. A horizontal straight 
line _ ー_
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