Last lecture

Buffon’s Problem
Joint pdfs of functions of RV (Ch 4.7)
* Linear mapping function (Ch 4.7.1)

Correlation and covariance (Ch 4.8)
e Definition
* Properties
 Examples



Agenda

Correlation and covariance (Ch 4.8)
 Examples
 Sample mean& variance, unbiased estimator (Ex. 4.8.7)

Minimum mean square error estimation (Ch 4.9)
* Constant estimators
 Unconstrained estimators
* Linear estimators



Cov(X,Y) = E[(X — ux)(Y — py)]

Properties = E[XY] — pxpy
_ Cov(X,Y)
Some properties for independent and uncorrelated Pxy = Oy Oy
e Cov(X+Y,U+V)=Cov(X,U)+ Cov(X,V)+ Cov(Y,U) +
Cov(Y,V)

e Cov(aX+ b,cY +d) =acCov(X,Y)

* |fX andY areindependent
e Var(X+Y)=Cov(X+Y,X+Y)=Cov(X,X)+ Cov(Y,Y)



Slido

Select those are uncorrelated

(a) N (b) N (c) 4 #4212882




Cov(X,Y) = E[(X — ux)(Y — py)]

Example = E|XY] — uxuy
_ Cov(X,Y)
Simplify the following expressions: PXY = oy

e Cov(8X + 3,5Y —2)
e Cov(10X —5,—3X + 15)

e Cov(X +2,10X — 3Y)

P10ox,y+4



Example

Suppose the covariance matrix of RV vector | X,

Find Cov(X; + X5, X; + X3)
Find a s.t. X, — aX; is uncorrelated with X;

Find py. x,

Find Var(X; + X, + X3)

IS

o N Ul

DO U1 DN

AN S




Sample Mean and Variance

Suppose X; ... X,, are independent and identical distributed(i.i.d.) RVs
with unknown mean u and variance ¢ (May not be Gaussian)
» Estimate uand og? by

. { =

—

([ O'2=

* Unbiased: E|Y| =Y
* |ssample mean and sample variance unbiased?



Minimum Mean Square Error Estimation



Constant Estimator

Given RVY, if we know fy
 Constant estimator: constant §* = argmingE[(Y — §)?]
« E[(Y —6)%] =E[Y?] — 26E[Y] + 67
 Taking derivative w.r.t 0

S

.« MSEE[(Y — 6%)?2] =



Unconstrained Estimator

Given RV X, Y, if we know fy y and some observations X
* Unconstrained Estimator - g*(X) = argming E [(Y — g(X))ZI
* Forexample,say X = 10
+ g'(X) =E[Y|X =101 = [ vfyjx(wlu = 10)dv

« MSE=E|[(Y —E|Y|X = u])2|X =ul| =
e Generalform

- MSEE[(Y — E[Y|X])?] =



Linear Estimator

What if we do not know fy y or fyx is hard to compute?
* Letg"(X) = aX + b, find argmin, p, E[(Y — (aX + b))z]

* Can also be written as argmin g p) E[((Y — aX) — b)z]
* bisthe constant estimatorof Y — aX
¢ ph—



Linear Estimator b = puy —apy

What if we do not know fy y or fyx is hard to compute?
* Letg"(X) = aX + b, find argmin g ) E[(Y — (aX + b))z]

o MSEE|(Y — py —a(X — )| = Var(y — ax) =

Cov(X,Y) (

~ X—Uu
+ EYIX] = py + 5005 X — ) = py + pyyoy ()

Ox

(Cov(X,Y))2 5 )
varx)  9Y (1-pxy)

e MSE=0¢?% —



Estimators Recap

e (Constant estimator
« c" =E[Y], MSE =Var(Y)

e Unconstraint estimator
» g"(X) = E[Y|X] MSE=E[Y*] — E[(E[Y|X])*]

* Best estimator, but requires fy|x

e Linear estimator

~ Cov(X,Y) X—
« E[Y|X]=py + Va0 (X —ux) = py + pxyoy( a)l:X)
(Cov(X,Y))2

+ mse= of - 00N _ 21— pf )



Example

LetX =Y + N, Y~Exp(A) and N~N(0,0%). Assume Y and N are
iIndependent
» Find E[Y|X]

* Find the unconstrained estimator of Y



Example

Suppose X and Y are uniformly distributed in the triangle.
* Find g*(u) = E[Y|X = u] and the corresponding minimum MSE

| V

» Find E[Y|X = u], and compute MSE /

I

vv E[YIX=u]
(a) (b) \/

S E[YIX=u] %
\ - Ny

-1 0 1 -1 0 1
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