Last lecture

Buffon’s Problem
Joint pdfs of functions of RV (Ch 4.7)
* Linear mapping function (Ch 4.7.1)

Correlation and covariance (Ch 4.8)
e Definition
* Properties
e Examples



Agenda

Correlation and covariance (Ch 4.8)
e Examples
 Sample mean& variance, unbiased estimator (Ex. 4.8.7)

Minimum mean square error estimation (Ch 4.9)
* Constant estimators
 Unconstrained estimators
* Linear estimators



Cov(X,Y) = E[(X — puy)(Y — piy)]

Properties = E[XY] — pxpy
_ Cov(X,Y)
Some properties for independent and uncorrelated Pxy = Oy Oy
e Cov(X+Y,U+V)=Cov(X,U)+ Cov(X,V)+ Cov(Y,U) +
Cov(Y,V)

e Cov(aX+ b,cY +d) =acCov(X,Y)

* |fX andY areindependent
e Var(X+Y)=Cov(X+Y,X+Y)=Cov(X,X)+ Cov(Y,Y)

= Var(x) + Vor(Y)
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Cov(X,Y) = E[(X — puy)(Y — piy)]

Example = E|XY] — uxuy
_ Cov(X,Y)
Simplify the following expressions: PXY = oy

+ Cov(8X +B5Y <2) =l (8,670 = 40 ta(XT)

. Cov(10X Z/S,/—BX Jr/:lz’a/) = Cov((0X,-3X) = =30 Vo (X)
. Cov(X 1-/10X 3Y) =0 Var(3) -3 L (X, )

P10XY+4 = @UOX \H/({'7 Ts Cov (X (B!
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Suppose the covariance matrixof RV vector Xylis|2 5 2

il - X3 0 2 5.

 Find COU(Xl +X2, 1+X3) < RXE;/j}

= Vo (X,) + Covl X2 X +[ov (X1, %) € Ov(X,
e Findas.t. X, —aX,is uﬁcorreclat/ed with X; ’\5) = @o\/( X;/ XJ)

= E+24042=
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*+ FindVar(X; + X, +X3) ey F

- CD\/(X(“(’X«)—‘%XSJ K(*XmJ‘X}) = —tij szk/j] = 2x ¢
A =3
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Sample Mean and Variance

Suppose X; ... X,, are independent and identical distributed(i.i.d.) RVs
with unknown mean u and variance ¢ (May not be Gaussian)

* Estimate u and o’ by ‘EXMFL@ - [oJoE@f
0 = _L. EWMF[M, Xy~ Xn. &’ |
o X = - ‘&%l X& |
— (| A D
O)-‘ 0'2 — ,.‘/‘
TlKm K A % (X -X)

* Unbiased: E|Y| =Y
* Issample mean and sample variance unbiased?







Minimum Mean Square Error Estimation



Constant Estimator
Meow Sgnere oy

Given RV Y, if we know f; Vo (mse)
« Constant estimator: constant §* = argmingE[(Y — §)?]
E[(Y — §)?] = E[Y*] — 26E[Y] + 67

 Taking derivative w.r.t 0 26— zE[‘U —0
> 8= 2L
= Al 1]
MSE E[(Y — §*)?] = J — ZJ}.\( el(] 4 ,UtT

r W] A= Var (Y)



Unconstrained Estimator

Given RV X, Y, if we know fy y and some observations X
’S:XT * Unconstrained Estimator - g*(X) = argmin, E [(Y — g(X))ZI
For example, say X = 10

+ g'X) =E[YIX = 10] = [*_vfyx(vlu = 10)dv
21yl _F(x) T

X 2% ° MSE=E[(Y—E[Y|)5(= u]§2|X=u] T T:ZYL )(-.zMJ——
elrlx=x) ¥ . |[*(IX, | TV [ve w1 v
Generalformg*(x): EEY(XJ CL LY ( ngit;))

e MSEE[(Y —E[Y|X]D?] = —7_ = _ _ 2
- =L ELY | X J-E] (EL¥YI
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Linear Estimator

What if we do not know fy y or fyx is hard to compute?
* Letg"(X) = aX + b, find argmin, p, E[(Y — (aX + b))z]

* Can also be written as argmin g p) E[((Y — aX) — b)z]
* bisthe constant estimatorof Y — aX

* b= ElY-aX] = ’MT‘ oy



Linear Estimator b = uy —apy

What if we do not know fy y or fyx is hard to compute?
* Letg"(X) = aX + b, find argmin g ) E[(Y — (aX + b))z]

+ MSEE (¥ =y — alx — )" | = var(y — ax) =

0% ) Var(Y) ~2a Cow (X,7) + &3
‘ [Y|X] = Uy T C[f;)f((x? (X —ux) = uy + px, YUY(X MX) i &V(iv/'g()
~— O (VJ;N Var (X)

2
+ MSE=of — =2 = 07 (1~ piy) Stondovdized X



