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More examples on joint RVs



Max of two RVs

. . XZY 77—Fx,‘r(t/ )
Let W = max(X,Y) =t
. Fw(t)ZP{WSt}ZLli\(7K, ‘-:>.F><JT( JU
_ dFy(t) 1 ‘-”FXT(t t)
. £) — = > J =
fw () dt ! X are M

Abstract—on P{W € (t,t + h]} = fyy (t)h + o(h) =TF«( £ ‘?)LC'C)
. Case(a):YSt,XE(t,t+hI]/V xiﬁﬁ%/

 Case(b): X<t,Y€E(tt+h] }w (t) = é(FKCy FT(@ -
* Case(c): X e (t,t+h]|,Y € (t,t+ h] dt




TJ( X \( ore md.e,FM\ol N = MX()(,T)

M‘t\( mﬁ? T 7Ex“)7trct)
g Ft)
:' . = C
tﬁiwi * Altev- Ty (1)
u‘Fth) -—:[ |- FX(Q):([I_]:Y(C)J

X2t- Yot



Buffon’s needle problem

* Draw many parallel horizontal lines
e Space 1inch between two lines
* Throw a needle of 1 inch length on the plane
* Find P{ “The needle intersect with a line“ }
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Define U = “distance from the needle lower end to the first line above
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Buffon’s needle problem (2)

§

+ What if there are “horizontal” and “vertical”  "©)

lines?

Let M, denotes “missing horizontal lines”
M., denotes “missing vertical lines” \\ |- o 45
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Joint pdfs of functions of RV



Notation and Definition

Denote the point on the plane (X, Y) as a column vector ();)

* fxy(u,v)isdenotedas fyy ((u))

%
SupposeWW =aX +bYandZ =cX +dY

. (V}/) = A ();), where A = [CCl Z

* For ai{_(ﬁw plane, we can find (V;/) ina — f plane

X=i, Y= v fwzéc,Zzﬁ




Determinant and Inverse

(VZV) = A ();), where A = [(z Z
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e det(4) =ad —cbh. Ifdet(4) # 0
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Joint PDF properties

Suppose (Vé/) = A ()15) where det(4) iNO,c ,‘f L
ote - ‘ - 1.

* fW,z(a»,B) = |det1(A)|fX,Y(uJ V)
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Example

W=X-Y,Z=X+Y.Express fy, z(a,f) interms of fy y
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+ Det(A) = Ux 1) = (<1%1) =2,
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+ For(W,Z) = (a.f), (X,Y) = ©Z=XtY
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Example

Suppose X and Y are continuous independent RVSs.
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Generalize to one-to-one mapping (not in exam)
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Correlation and covariance



Definition

Metrics such as mean/ variance is more convenient than PDF/ CDF
* Recalluy = E[X],Var(X) = E[(X — ,uX)Z]
* Forjointly distributed X and Y

e Covariance Cov(X,Y) = ’E[@ ’/AK)C‘(—/(-LT)J
. " = BIXY ] - x My
* Correlation coefficient Pxy = Cov( X Y) ~
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e Cross moment E[XY] (less used)
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Definition

* Cov(X,Y)=E[(X — ux)(Y — py)]
= ELXY - Ay Y- XAy + Ay tdy ]

= T XY= sy —
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Cov(X,Y) = @L XTJ MXXLT

* Pxy = p
X0y
e T:XandY hasthe same trend
* pxy > 0:Positively correlated




Cov(X,Y) = E[(X — puy)(Y — piy)]

Properties = E[XY] — pxpy
_ Cov(X,Y)
Some properties for independent and uncorrelated PXY = oy

. Independent Tm lms uncorrelated
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* Uncorrelated do&g ot nmp\&lndependent ‘z T(VM’V
* Multiple RVs are uncorrelated if they are pairwise un ofrelated
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Cov(X,Y) = E[(X — puy)(Y — piy)]

Properties = E[XY] — pxpy
_ Cov(X,Y)
Some properties for independent and uncorrelated Pxy = Oy Oy
e Cov(X+Y,U+V)=Cov(X,U)+ Cov(X,V)+ Cov(Y,U) +
Cov(Y,V)

e Cov(aX+ b,cY +d) =acCov(X,Y)

* |fX andY areindependent
e Var(X+Y)=Cov(X+Y,X+Y)=Cov(X,X)+ Cov(Y,Y)
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