
Last lecture

Binary Hypothesis Testing with continuous distribution (Ch 3.10)
• Example

Jointly Distributed RV/ Joint CDF (Ch 4.1)
• Motivation
• Definition
• Properties

Joint PMF (Ch 4.2)
• Definition
• Example



Agenda

Joint PDF (Ch 4.3)
• Definition
• Examples

• Uniform distribution
• Conditional distribution

Independent RV (Ch 4.4)
• From event to RV - CDF
• Check using PDF



Joint PDF



Joint PDF

If 𝑋 and 𝑌 are continuous, joint PDF 𝑓𝑋,𝑌 𝑢, 𝑣  s.t.
• 𝐹𝑋,𝑌 𝑢, 𝑣 = ∞−׬

𝑢
∞−׬

𝑣
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣𝑑𝑢

• 𝑃 𝑋, 𝑌 ∈ 𝑅 = ׬ 𝑅׬
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣 for piecewise diff. 𝑅

• 𝑓𝑋,𝑌 𝑢, 𝑣 ≥ 0  for any 𝑢, 𝑣 ∈ ℝ2

• ∞−׬

∞
∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣 =

 LOTUS: 𝐸 𝑔 𝑋, 𝑌 ∞−׬ =

∞
∞−׬

∞
𝑔(𝑢, 𝑣)𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣

• 𝐸 𝑋 =



Joint PDF

𝐸 𝑔 𝑋, 𝑌 ∞−׬ =

∞
∞−׬

∞
𝑔(𝑢, 𝑣)𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣

• 𝐸 𝑎𝑋 + 𝑏𝑌 + 𝑐 =

Marginalization - Projection
• 𝑓𝑋 𝑢 = ∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣

• 𝐸 𝑋 ∞−׬ =

∞
𝑢 ∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣 𝑑𝑢

Conditional PDF - Slice

• 𝑓𝑌|𝑋 𝑣 𝑢0 =
𝑓𝑋,𝑌 𝑢0,𝑣

𝑓𝑋 𝑢0

• Conditional expectation 𝐸 𝑌 𝑋 = 𝑢0 = ∞−׬

∞
𝑣𝑓𝑌|𝑋 𝑣|𝑢0 𝑑𝑣



Example - Linear

Given  𝑓𝑋,𝑌(𝑢, 𝑣) = ቊ
 𝑐(1 − 𝑢 − 𝑣)

0
 

𝑖𝑓 𝑢, 𝑣 ≥ 0, 𝑢 + 𝑣 ≤ 1
𝑒𝑙𝑠𝑒

, solve 

• 𝑐

• Marginal PDF 𝑓𝑋 𝑢

• Conditional PDF 𝑓𝑌|𝑋(𝑣|𝑢0)



Uniform joint PDF

If pdf are constant over support 𝑆

• 𝑓𝑋,𝑌 𝑢, 𝑣 = ቐ
 

1

𝑎𝑟𝑒𝑎(𝑆)

0
 

𝑖𝑓 𝑢, 𝑣 ∈ 𝑆
𝑒𝑙𝑠𝑒

• 𝑆 can be none-rectangular

• 𝑃 𝑋, 𝑌 ∈ 𝐴 =
𝑎𝑟𝑒𝑎 𝐴∩𝑆

𝑎𝑟𝑒𝑎(𝑆)



Example

Let (𝑋, 𝑌) uniformly distributed over the uniform disk. 

• 𝑓𝑋,𝑌(𝑢, 𝑣) = ൜
 𝑐
0

 𝑖𝑓 𝑢2 + 𝑣2 ≤ 1
𝑒𝑙𝑠𝑒

, solve

• 𝑐

• 𝑃{𝑋 ≥ 0 ∩ 𝑌 ≥ 0}

• 𝑃{𝑋2 + 𝑌2 ≤ 𝑟2}

• 𝑓𝑋 𝑢

• 𝑓𝑌|𝑋(𝑣|𝑢0)



Example

Let 𝑋 uniformly distributed over [0,1]. Given 𝑋 = 𝑢, 𝑌 is uniformly 
distributed over [𝑢, 1] , find

• 𝑓𝑌|𝑋 𝑣 𝑢0

• 𝑓𝑋𝑌 𝑢, 𝑣

• 𝑓𝑌(𝑣)



Midterm Review

Midterm Review
• Next Thursday class time
• Vote for the contents!

#2314418



Independent RV



Definition

RV 𝑋 and 𝑌 are independent if for any event pairs {𝑋 ∈ 𝐴} and {𝑌 ∈ 𝐵}
• 𝑃 𝑋 ∈ 𝐴, 𝑌 ∈ 𝐵 = 𝑃 𝑋 ∈ 𝐴 × 𝑃{𝑌 ∈ 𝐵}

• Let 𝐴 = {𝑢: 𝑢 ≤ 𝑢0} and 𝐵 = {𝑣: 𝑣 ≤ 𝑣0}

Even more powerful - for region 𝑅 = 𝑎, 𝑏 × 𝑐, 𝑑
• 𝑃 𝑎 < 𝑋 ≤ 𝑏, 𝑐 < 𝑌 ≤ 𝑑 = 𝐹𝑋 𝑏 𝐹𝑌 𝑑 − 𝐹𝑋 𝑏 𝐹𝑌 𝑐 −

𝐹𝑋 𝑎 𝐹𝑌 𝑑 + 𝐹𝑋 𝑎 𝐹𝑌 𝑐 =

For PDF and CDF, independent iif 



Determining independence from PDF

RV 𝑋 and 𝑌 are independent if and only if 
• 𝑓𝑋𝑌 𝑢, 𝑣 = 𝑓𝑋 𝑢 𝑓𝑌(𝑣)… but others?

Proposition - 𝑋 and 𝑌 are independent if and only if the following 
condition holds: For all 𝑢 ∈  ℝ, either 𝑓𝑋(𝑢)  =  0 or 𝑓𝑌|𝑋 (𝑣|𝑢)  =

 𝑓𝑌 (𝑣) for all v ∈ R.



Product Set

Let 𝐴, 𝐵 denote a finite union of intervals
• |𝐴| denotes the total length of 𝐴

The product set 𝐴 × 𝐵 = 𝑢, 𝑣 : 𝑢 ∈ 𝐴, 𝑣 ∈ 𝐵
• The total area 𝐴 × 𝐵 = 𝐴 × |𝐵|

Swap property: 𝑆 ∈ ℝ2 has the swap property if 
• For any pair of points 𝑎, 𝑏 , (𝑐, 𝑑) ∈ 𝑆, (𝑎, 𝑑) and (𝑐, 𝑏) also in 𝑆

Proposition - 𝑆 ∈ ℝ2, 𝑆 is a product set if and only if it has the swap 
property



Properties of independent

• If 𝑋, 𝑌 are independent and jointly continuous type RVs, then 
support of 𝑓𝑋,𝑌 is a product set

• Support 𝑋, 𝑌 are uniformly distributed over set 𝑆 ∈ ℝ2, then 𝑋 and 𝑌 
are independent iif 𝑆 is a product set



Examples

Decide whether the if 𝑋 and 𝑌 are independent if
• 𝑓𝑋,𝑌 𝑢, 𝑣 = 𝐶𝑢2𝑣2 for 𝑢, 𝑣 > 0 and 𝑢 + 𝑣 ≤ 1 ; 0 else

• 𝑓𝑋,𝑌 𝑢, 𝑣 = 𝑢 + 𝑣 for 𝑢, 𝑣 ∈ [0,1]; 0 else

• 𝑓𝑋,𝑌 𝑢, 𝑣 = 9𝑢2𝑣2 for 𝑢, 𝑣 ∈ [0,1]; 0 else



Slido

𝑋 and 𝑌 are independent based if 𝑓𝑋𝑌(𝑢, 𝑣) is…

𝑢

𝑣
(Uniform)(a)

𝑢

𝑣
(Uniform)(b)

𝑢

𝑣
(Gaussian)(c)

𝑢

(Uniform-Gaussian)(d)

#1245552
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