Last lecture

Binary Hypothesis Testing with continuous distribution (Ch 3.10)
e Example

Jointly Distributed RV/ Joint CDF (Ch 4.1)
* Motivation
* Definition
* Properties

Joint PMF (Ch 4.2)
 Definition
e Example



Agenda

Joint PDF (Ch 4.3)
* Definition
 Examples
e Uniform distribution
 Conditional distribution

Independent RV (Ch 4.4)
* From event to RV - CDF
* Check using PDF



Joint PDF
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Joint PDF

If X and Y are continuous, joint PDF fx y(u, v) s.t. K bj
* Fxy(uv) = f_uoo ffoo fxy, v)dvdu
« P{X,Y)ER}=] J. fxy(u, v)dudv for piecewise diff. R
* fxy(u,v) =0 forany (u,v) € R?

[ fey@wv)dudv = |

LOTUS: E g(X V)] f f g, v)fxy(u,v)dudv
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Joint PDF [omtbyee]
1

ElgX, V] = [~ J_., 9w, v) fy (u, v)dudv
* ElaX+DbY +c]= aTlx]+bELYI~+C
2 Expectation is Lineew yegarcess -
Marginalizgtion - Projection Vtﬁ f fXT
+ fx(w) = ffooofX,Y(u» v)dv = Integmu over all PMW!O Y.

© EIX] = [Cgu g fry(wv)dv du

M
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Conditional PDF - Slice 7& )

o —1 fX,Y(uOrv)
frix(lug) = FxCitg) MY[X )

e Conditional expectation E|Y|X = uy] = ffooo Vfyx(W|ug)dv
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Example - Linear /4-’ "'jo fo e (1- m-v) d udy
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Example - Linear

cl—u—-v) ifuv=0u+v<sl
0 else

, solve

Given fyy(u,v) = {

* C

* Marginal PDF fy(u)

* Conditional PDF fyx (v]|u)




Uniform joint PDF

If pdf are constant over support S

* fxy(u,v) = if(u,v)eg/\ A,

‘
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S can be none-rectangular

P{(X,Y) € A} =

1

area(S)

0

area(ANS)

area(S)

else
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Example

Let (X, Y) uniformly distributed over the uniform disk.
* fxy(u,v) —{ ¢ ifut+visi , solve 5#
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Let X uniformly distributed over [0,1]. Given X = u, Y is uniformly
distributed over |u, 1], find
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Midterm Review

Midterm Review
* Next Thursday class time
e \ote for the contents!
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Independent RV
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RV X and Y are independent if for any event pairs {X € A} and {Y € B}
« P{IX€EAY€eEB}=P{XeA}XP{Y eB}
¢ I ﬂ(( [ - 1—

 Letd ={uu<uy}and B|={v:v < vy}

Definition

T
o Fug (e, Vo) = Fxltg) x Fy (v5) — € 1

Even more powerful - for region R = (a, b] X (¢, d]
e Pla<X<b,c<Y<d}=Fy(b)Fy,(d)— Fx(b)Fy(c) —

Fx(a)Fy(d) + Fx(a)Fy(c) = (Tx Uo)’Fx[“)) (7:7‘(”{) = FT[CQ)

For PDF and &B¥ independent iif PX‘(.(/MV) = PX () P\((V)
[ jtx*( (V) =Fx ) F )




Determining independence from PDF

RV X and Y are independent if and only if
o fyxy(u,v) = fxy(u)fy(v)... but others?

Proposition - X and Y are independent if and only if the following
condition holds: Forallu € R, either fy(u) = 0or fyx (vlu) =

fy (v) forallv €R. @
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