Last lecture

Functions of a random variable (Ch 3.8)
* General form of increasing function g
* Create uniform distribution using CDF as a function

Generating a customized RV (Ch 3.8.2)
e Intuition g = Fy?
e Examples
e Uniform to Exponential
* Uniform to D6 outcome
* Arearule—Compute E|X] using Fy (Ch 3.8.3)



Agenda

Binary Hypothesis Testing with continuous distribution (Ch 3.10)
e Example

Jointly Distributed RV/ Joint CDF (Ch 4.1)
* Motivation
 Definition
* Properties

Joint PMF (Ch 4.2)
 Definition
e Example



Binary Hypothesis Testing on Continuous Distribution



Overview

Similar to discrete, but with some changes
* PIX =ulH} - fi(u)
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Figure 3.27: N(0,1) and N(0,4) pdfs and ML threshold K.



Example

m Y m

X under H; follows N(m;, 6%). Given m;, g, ;, Find ML and MAP rule
. T 1 (u—m;)?
fl(u) 212 exp{ 202 }
+ AW = exp{(u — ) (Y}

2 o
e ML rule-
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Example

m Y m

X under H; follows N(m;, 6%). Given m;, g, ;, Find ML and MAP rule
. T 1 (u—m;)?
fl(u) 212 exp{ 202 }
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slido Of .Q_E:II:_E_I!

fi = Unif ([2,6]), fo = Unif([0,3]). Assume =% = 2
TTo 4
* Using MAP rule, the region we claim H; E

#3309223

(a) None (b) [2,3]

(c) [2,6] (d) [3,6]



Exam Il until here



Jointly Distributed Random Variables



Motivation

Given X and Y, we have learnt
* Independence
* Function & Scaling (e.g. X=3Y-2)

But real-world cases are more complex
e Howto show the “
 “Jointly distributed” RVs
* Fy(w - Fyxy(u,v)

* Px(u) = Py y(u, v)

”between X andY



Joint CDF

Joint CDF of X andY
* Fyy(u,v) =P{X <u,Y <v}forany (u,v) € R?
* Completely defines all events concerning X and Y
* Fora2Drectangle region R = (a, b] X (c,d]
« P{(X,Y) ER}=

* Fy(u) = Fyy(u, )

+
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Joint CDF Properties

Denote Fyy as F
e 0<F(uv)<1forall(u,v) € R?
* alongu and along v respectively
* Fisnonedecreasing
* Fisright-continuous
e lim F(u,v) =0
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Joint PMF

If X and Y are discrete, joint PMF pxy(u,v) = P{X = u,Y = v}

Marginalization
* Getting single RV PMF/ PDF from joint PMF/ PDF
¢ py(u) = Zvj pxy U, v)) called “marginal PMF”

Conditional PMF

(uo,v)
* PY|X(V|UO) = DX o ”

px(Uo)




Example

Given joint PMF py y as the table, find

Px
Py
P{X =Y}
P{X > Y}

PY|X(V|2)

Y =3 0.1 0.1

Y =2 0.2 0.2

Y =1 0.3 0.1
X=1 X-= X =3




Joint PDF



Joint PDF

If X and Y are continuous, joint PDF fx y(u, v) s.t. S| b
* Fyy(uv) = f_uoo ffoo fxy(u, v)dvdu |
« P{X,Y)ER}=] J. fxy(u, v)dudv for piecewise diff. R
* fxy(u,v) =0 forany (u,v) € R?
o o fey(wv)dudy =

LOTUS: E[g(X,Y)] = ffooo ffooog(u, V) fxy(u, v)dudv
. E[X] =



Joint PDF

Elgx, V)] =["_ [ guwv)fxyu v)dudv
e ElaX+bY +c] =

Marginalization - Projection
c fx@ = [, fry(wv)dv
+ ElX] = [ uf, fry(wv)dvdu

Conditional PDF - Slice

o I fX,Y(uOrv)

* Conditional expectation E|Y|X = uy] = ffooo Vfyx(W|ug)dv




Example

. cl—u-v) ifuv=0ut+v=<l
G , V) = , sol
iven fyy(u,v) { 0 olse solve
c ¢
v (u,v)
XY y
. Marginal PDF fy (1) X
e 1

* Conditional PDF fyx (v]|u)



Uniform joint PDF

If pdf are constant over support S

(11

’ fXY(u; v) =< area(S) if (u,v) €S
’ 0 else

\
* S canbe none-rectangular

area(ANS)
area(S)

. P{(X,Y) € A} =



Example

Let (X, Y) uniformly distributed over the uniform disk.

cC ifu*+v*<1
. fX,y(u,v)={0 / else

* L C

, solve

« P{X=0nY =0}
¢ P{X“+Y?<r?)
* fx(w)

* fY|X(U|u0)
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