Last lecture

Functions of a random variable (Ch 3.8)
* Find CDF/ PDF of g(X) (Ch 3.8.1)
 Examples for

 General
X is Gaussian
 (Case by case
* g iscosine/ tangent
* g isstrictly increasing £~

* Generating random variables with Fy(c) (Ch 3.8.2)



Agenda

Functions of a random variable (Ch 3.8)
* General form of increasing function g
* Create uniform distribution using CDF as a function

Generating a customized RV (Ch 3.8.2)
e Intuition g = Fy*
e Examples
e Uniform to Exponential
* Uniform to D6 outcome
* Arearule—Compute E|X] using Fy (Ch 3.8.3)



Increasing g function

« X has support |a, b]

* Y =g9X)
=~ g is strictly increasing

* Y hassupport [g(a), g(b)] = [A, B] / g(x) =C.
* Find Fy(C) where A <c <B
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Generating a random variable



Creating uniform distribution

= C?Q Let g(') = Fx (=)
. LetY = Fy(X)
. Whatis F,? Y~ X
H(Y)

—_F/Tgi)—: P{TX(X)SCE =0 =Ppix<Y]
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Generating a customized RV

If we want to generate (sample) X = g(U~Uni(]0,1])) to fit Fy

* U= Fx(X) Cor fw l -
¢ sampling 8> g-
Fr\U) = X5 ki "2
» g = Fx', but Fy'' may not be a function F(c) 5‘
+ Fx(cy) = Fy(cp) s Meleple 0 1
. ForanyF define el
B ¢

F~1(u) = mm{c F(c) = u} g
e F:c - u, FLu-c Left most of Fc)
sr  bottom of -F_'Ci})
F~1(uy) < ¢y ifand only ifuy < F(cy)
e Fy(c)=P{FY(U)<c}=P{U<F(c)}=F(c)




Example — Uniform to Exponential 3
p p —FT(f): [g e Mt
Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])
F(c) —1—e “=uforc=>0
e Find g(u) = F~1(u) in terms of u

Floy=m F (W=¢
e 1—e “=u 2

c c=—-In(l—-u) & Write ¢ in torms ]C ne
c gw)=F'(w)=—-In(1—u) for0<uc<1

e Check,ifc=0 ~—  L» Ore walid T CC}
e (P{—In(l=U) <c} =P{n(1l—-U) > —c)
=P{1—-U=e"}
=P{U<1—-—e“}=F(c)

S\A,PFDYt "JC —EXP ()L)



Example — Uniform to Exponential

Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])
e F(c)=1—e “=uforc=>0
e Find g(u) = F~1(u) in terms of u

e 1—e“=u

* ¢c=-In(1—-w)

» gw)=F'(w)=-In(1-u) for0 <u<1

* Note - g is not unique \ — |—MA— Ak
°’/E.g._lland 1 — U are all uniform, so —Ilnu is also a valid g
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Example — Uniform to Dice outcome

Find g s.t. g(U)~{“Fair die distribution”} when U~Uniform([0,1])

¢« F()=Y=ufor1<i<6 —
» g =F1(w) |
. g(u)=iwhere%£u£éfor0£u£1’_.
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The area rule for expectation based on the CDF

> 5'><'

= Areat — Area” —f (1 — Fx(c))dc —f FX(c)dc

= ElF W) = [ it wau ELY ] j gf 4})40«(

A

o
() v Fx Cu)
4 j Tl

~—— \ M‘ """""""

P '
EFX(C)
-
/




Slido
Order the E|[X] from high to low
#3033794
(A) Fx(c) 4 Z (B) Fx(c)
| (
SJAx 770, /t WMX <0
) )LXJ > C .(0 > C
(C)  Fx(c) |/ (D) Fx(c) 4
My <0,
Mxxz0 | _/
0 > C . > C

A>C—=>8 —=2D.



Binary Hypothesis Testing on Continuous Distribution



Overview

Similar to discrete, but with some changes

« P{X=ulH{}- filu) =2 ITke lihsod ﬁLhOﬁO‘VL

+ Likelihood Ratio A(w) = f, (L)
=3

+ LRTrule A(X) = Jolw)
> C H‘
ST Ho

pfalse alarms> Pmiss»> Pe F€Main the same

Figure 3.27: N(0,1) and N(0,4) pdfs and ML threshold K.



