Last lecture

Gaussian (normal) Distribution (Ch 3.6.2)
e Example

The Central Limit Theorem and Gaussian Approximation (Ch 3.6.3)
e Definition
* CDF Approximation
e Examples



Agenda

Functions of a random variable (Ch 3.8)
* Find CDF/ PDF of g(X) (Ch 3.8.1)
 Examples for

 General
X is Gaussian
 (Case by case
* g iscosine/ tangent
* g isstrictly increasing

* Generating random variables with Fy(c) (Ch 3.8.2)



Examples

Suppose uy = 10 and of = 3. Compute P{X < 10 — \/§} if
* X isa Gaussian RV in terms of
e X isauniform RV

(Hint: 10 — V3 =~ 8.27)



Example

X

We want to estimate p with p = -

* Find P{|p —p| < é}intermsofn,p, §, and ®

» Find 6 w/ 99% confidence if p = 0.5, n = 1000. Given that
®(2.58) ~ 0.995

* Whatifp =0.17



Functions of a random variable



Find CDF/ PDF of g(X)

Motivation — | know X follows some distribution
* butwhataboutY = g(X)?

1. Scope the problem - Find support of X andY, are they
continuous or discrete?

2. Find Fy(c¢) from integrating fyx (x) over {x: g(x) < c}
* IfY is discrete, normally we can find pmf py (¢)

3. Getfy =Fy'



Examples - General

RV X follows fy(u) =

1. Fyz

2. P{X? <c}=

3. fr(c)=

1.

3. fr=F

e_lul

2

_

[ ()
X
I

Find support and continuity
2. FY(C) — fx:f(x)SCfX(x)dx

foru € R.Y = X%.Find fy, uy and oy

irfee)
u




1. Find support and continuity
Examples - Gaussian 2. Fy(0) = [ rec [x (X)X

3. fr=F
LetY = X%, where X ~ N(u = 2,0% = 3), find f

* Fy(c) =

* fy(c) = Fy'(c)



1. Find support and continuity
Examples — Case by case 2. Fy(0) = [ rec [x (X)X

3. fr=F
LetY = (X — 1)?, where X ~ Uni(0,3), find fy

* Fy(c)
e 0<c<1




1. Find support and continuity
Examples — Cosine 2. Fy(0) = [ rec [x (X)X
3. fr=F
Let B = acos®, where @ ~ Uni(—m,m), find f3
e Usefulin DSP

* Fp(c)

* fg(c) =FB,(E'3
: Hintd(cojx )

=—(1- x)%




1. Find support and continuity

Examples — Tangent 2. Fy(0) = [ rec [x (X)X
3. fr=F
LetY = tan®, where © ~ Uni (—2,%), find fy
« Fy(c)

* fy(c) = F/'(c)




Increasing g function

X has support|a, b]
* ¥ =gX)

* g isstrictly increasing

* Y hassupport [g(a), g(b)]| = [A, B]
* Find Fy(c)where A < c¢ <B

* fr(c) =




Generating a random variable



Creating uniform distribution

LetY = Fy (X)
* Whatis Fy?



Generating a customized RV

If we want to generate (sample) X = g(U~Uni(]0,1])) to fit Fy

« U=FxX)
- FNU)=X
» g = Fy?!, but Fy! may not be a function
* Fx(c1) = Fx(cy) 1
* ForanyF, define

F(c)

c

F~Y(u) = min{c: F(c) = u} L=

F~Y(uy) < ¢y ifand only ifuy < F(cy)
e Fy(c)=P{F'(U)<c}=P{U<F(c)}=F(c)

1 F{:'I.l)




Example — Uniform to Exponential

Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])

F(c)=1—e“=uforc>0
Find g(u) = F~1(u) = cinterms of u

l1—e “=u

c =-=In(1—u)

gw)=F1w=—-m0-u) for0<u<1

Check, ifc = 0

e P{—-In(1—-U)<c} =P{In(1-U) = —c}
=P{1—-U=e"}
=P{U<1—-e“}=F(c)



Example — Uniform to Exponential

Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])
e F(c)=1—e “=uforc=>0
e Find g(u) = F~1(u) in terms of u

e 1—e“=u
e ¢=-In(1-u)
c gw)=Ftw)=—-In(1—-u) for0<uc<i
* Note - g isnotunique
e E.g.Uand1 — U are alluniform, so —Ilnu is also avalid g



Example — Uniform to Dice outcome

Find g s.t. g(U)~{“Fair die distribution”} when U~Uniform([0,1])

. F(i)=%=ufor1§i36

c g =F"1w) |
. g(u)=iwhere%£u£éfor0£u£l



Puzzle — Generate a fair coin toss

How can we generate a fair coin toss result from a biased coin?
* Assume we do nhot know p




The area rule for expectation based on the CDF

E[X] = Areat — Area™ = fooo(l — Fy(c))dc — f_ooo Fy(c)dc

ElX] = [ Fy'(wdu
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