
Last lecture

Uniform Distribution (Ch 3.3)
Exponential Distribution (Ch 3.4)

• Memoryless property
• Connect to Geo(𝑝)

Poisson process (Ch 3.5)
• Motivation
• Bernoulli process to Poisson process
• Definition
• Properties



Agenda

Erlang Distribution (Ch 3.5.3)

Linear Scaling (Ch 3.6.1)
• Equation and derivation
• Examples

Gaussian (normal) Distribution (Ch 3.6.2)
• Motivation and Definition
• Examples



Erlang Distribution



Definition

Let 𝑇𝑟 denotes the time of 𝑟𝑡ℎ count of a Poisson process
• 𝑇𝑟 = σ𝑖=1

𝑟 𝑈𝑖 , 𝑈𝑖 ∼ 𝐸𝑥𝑝(𝜆)
• 𝐹𝑇𝑟

𝑐 t = P{Tr > t} : “At most 𝑟 − 1 count by time 𝑡”

• 𝐹𝑇𝑟

𝑐 t =

• 𝑓𝑇𝑟
𝑡 = −

𝑑𝐹𝑇𝑟
𝑐 𝑡

𝑑𝑡
=

• Intuitively – Exactly               arrival before time 𝑡, and the 
𝑟𝑡ℎ event comes at 𝑡



Linear Scaling



Definition

Let 𝑌 = 𝑎𝑋 + 𝑏 , where 𝑋, 𝑌 are RV and 𝑎, 𝑏 are constants

• 𝑓𝑌 𝑢 = 𝑓𝑋
𝑢−𝑏

𝑎
×

1

𝑎

• Example - 𝑋 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1)

• 𝐹𝑌 𝑢 = 𝑃 𝑎𝑋 + 𝑏 < 𝑢
• 𝑓𝑌 𝑢 = 𝐹𝑌

′ 𝑢 =
• 𝐸 𝑌 =

• 𝑉𝑎𝑟 𝑌 =   𝜎𝑌 =



Example

Consider the temperature in Champaign 
• 𝑋 denotes the temperature in 𝐶 (Celcius)
• 𝑌 denotes it in 𝐹 (Fahrenheit)
• 𝑌 = 1.8 𝑋 + 32

• Express 𝑓𝑌 in terms of 𝑓𝑋

• Find 𝑓𝑌 if 𝑋 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(15, 20) 



Example

Let 𝑋 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(𝑎, 𝑏). Find the pdf of standardized RV 
𝑋−𝜇𝑋

𝜎𝑋

• Recall the variance of 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1) is 12



Gaussian (Normal) Distribution



Definition

A normal distribution is defined by 𝜇𝑋 and 𝜎𝑋
2, Let 𝑋 ∼ 𝑁(𝜇, 𝜎2)

• 𝑓 𝑥 =
1

2𝜋𝜎2
exp(−

𝑥−𝜇 2

2𝜎2 )

• Usage – model “Sum of many small independent events”
• E.g. Sum of many binomial distributions 



Standard normal distribution

𝑋 ∼ 𝑁 𝜇 = 0, 𝜎2 = 1 ∼ 𝑁(0,1)

• Φ 𝑢 ≜ 𝐹𝑋 𝑢 =

• 𝑄 𝑢 = 1 − Φ(𝑢)

• Pre-computed tables!

𝑓 𝑥 =
1

2𝜋𝜎2
exp(−

𝑥 − 𝜇 2

2𝜎2
)



𝚽 and 𝑸 tables

⋮

⋮



Scaling the Gaussian RV

𝑋 ∼ 𝑁 𝜇 = 0, 𝜎2 = 1 ∼ 𝑁(0,1)

• 𝑌 = 𝜎𝑋 + 𝜇

• 𝑓𝑌 𝑦 =

𝑓 𝑢 =
1

2𝜋
exp(−

𝑢2

2
)



Connecting Gaussian to Exponential Exam Safe

Comparing Normal 𝑍 ∼ 𝑁(0,1) with Exponential 𝐸(𝜆 =
1

2
)

• 𝑓𝑍 𝑢 =
1

2𝜋
exp(−

𝑢2

2
)      𝑓𝐸 𝑢 =

1

2
exp(−

𝑢

2
)  

• Let 𝑋 = 𝑍2

• 𝑓𝑋 𝑢 ∝ 𝑓𝑍 𝑢 + 𝑓𝑍 − 𝑢 ∝ exp −
𝑢

2
∼ 𝐸(𝜆 =

1

2
)

Example – Circuit voltage noise follows 𝑍 ∼ 𝑁
• Energy is 𝑍2 - cause system fail



Examples

Given Φ 𝑢 ≜ 𝐹𝑋 𝑢  and 𝑄 𝑢 = 1 − Φ(𝑢) for 𝑋 ∼ 𝑁(0,1)
• Let 𝑌 = 𝑁(𝜇 = 10, 𝜎2 = 16)
• Find 𝑃{𝑌 > 15}, 𝑃{𝑌 ≤ 5}, 𝑃{𝑌2 ≥ 400} and 𝑃{𝑌 = 2} in 

terms of Φ or 𝑄



Examples

Suppose 𝜇𝑋 = 10 and 𝜎𝑋
2 = 3. Compute 𝑃{𝑋 < 10 − 3} if

• 𝑋 is a Gaussian RV in terms of 𝑄
• 𝑋 is a uniform RV

(Hint: 10 − 3 ≈ 8.27)



Slido

Choose all the correct answers

(a) Φ 𝑢 + Q 𝑢 > 1 (b) Φ 𝑢 − Q −𝑢 = 0

(c) Φ 0.5 + Q −0.5 > 0 (d) Φ 0 = 0.5

(e) Q 𝑥  is monotonically increasing

#4093788



Central Limit Theorem and Gaussian Approximation



Central Limit Theorem (CLT)

If many independent random variables are added together, and if 
each of them is small in magnitude compared to the sum, then 
the sum 𝑋 has an approximately Gaussian distribution ෨𝑋.

• 𝑃 𝑋 ≤ 𝑣 ≈ 𝑃{ ෨𝑋 ≤ 𝑣}
• E.g., 𝑋 ∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝) when 𝑛𝑝 and 𝑛(1 − 𝑝) are not small

• 𝑛, 𝑝 = (10, 0.2)
• 𝜇𝑋 =
• 𝜎𝑋

2 =

• What if 𝑛𝑝 is small?



Gaussian Approximation - 1

Approximate 𝑋 ∼ 𝐵𝑖𝑛(10, 0.2) with ෨𝑋 ∼ 𝑁(2, 1.6)
• 𝐹𝑋 2 = 𝐹𝑋 2.1 = 𝐹𝑋(2.9)
• 𝐹 ෨𝑋 2 ≠ 𝐹 ෨𝑋(2.9)
• How should we approximate?

• 𝑃 𝑋 ≤ 𝑘 ≈
• 𝑃 𝑋 < 𝑘 ≈
• 𝑃 𝑋 ≥ 𝑘 ≈
• 𝑃 𝑋 > 𝑘 ≈
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