Last lecture

Uniform Distribution (Ch 3.3)
Exponential Distribution (Ch 3.4)
* Memoryless property

* Connect to Geo(p)

Poisson process (Ch 3.5)
* Motivation
* Bernoulli process to Poisson process
e Definition
* Properties



Agenda

Erlang Distribution (Ch 3.5.3) & (pnt. Mgaﬁvq, binomm‘,

Linear Scaling (Ch 3.6.1)
 Equation and derivation
 Examples

Gaussian (normal) Distribution (Ch 3.6.2)
 Motivation and Definition
 Examples



Erlang Distribution



Definition T, N‘Er(kwgn ( V)

Let T,- denotes the time of t"* count of a Poisson process
e T,=Xi_1U;,U; ~Exp(d)
* Fr. (t) = P{T >t} “At most r — 1 count by time t”

« Ff (D) = Z“ (At)t o™ k() X~Poi [At)

t-o g1
. _ A _ r.r-l 2%
fTr(t) dt 7\At e = P)( (Y-I) i K
(r=1>

 Intuitively — Exactly Y—| arrival before time t, and the
rth event comes at t



Linear Scaling



Definition X = \_'/:Eb_ X vedue, xesu]tﬂrg Y=,

letY = aX + b, wher& Y are RV and a, b are constants
= £ 22 ?(Te)+2
 Example-X ~ mform(O 1) Y=3x+2. | T
fuo=f L YERD puf B K6

o else
© K =PlaX +bgu}= 7: (& \/

. M-2

. gy[%) Fy(u) = AF*( - = f (4B iy ] 1 ’7[)((/39) X
o 10¥x) *b

e Var(¥) = & Var (X) Oy = MO




Example

Consider the temperature in Champaign
X denotes the temperature in C (Celcius)
« Y denotesitin F (Fahrenheit)

e Y =(1.8)X+ 32 M—32 |
\(‘- [A = —
X= 7% a Lia ]CX(L&Z) Y

* Express fy in terms of fy
*  Find fy if X ~ Uniform(15, 20) fx(v)i 'é-' VELIS 2]

Fyw = ‘ W ELST, 687
else

o else

SHES



Example R
Mx=06 0Ox =1

Let X ~ Uniform(a, b). Find the pdf of standardized RV A ix

ox
Recall the variance of Uniform(0,1) is L

L 2,
= % f2 (W) 70 2 el-& 4]

W= Un T, (3 \/W(w)=‘,,3,
z = C\/de Vi (2) = & Varlw) = |

—

\’_\jw?Forb ﬁLC/; Z(;BJ
R =B (1Y0) 9 425







Gaussian (Normal) Distribution



Definition

A normal distribution is defined by py and o7, Let X ~ N(u, 02)

1 (x—p)?
° f(X) =Wexp(— Zo.l; )

cecret;, (ool (| loop

 Usage — model “Sum of many small independent events”
 E.g. Sum of many binomial distributions
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1
Standard normal distribution = /)= _—=exp(=—57)

X~N@p=002=1)~N01)2Z

e
« D(u) 2 Fy(u) = j-l:o -;’T; UP (- Jt; ﬂ) D(M\

© QW) =1- o) ;F;(N‘)

- X~ N(o,1)
* Pre-computed tables! -
4. P i1 X £0.L5=9(eS
A e COPIX0s)E
> o P{x225=Q(2)




® and Q tables

z -0.00 -0.01 -0.02 -0.03
-3.9 | 0.00005 | 0.00005  0.00004  0.00004
-3.8  0.00007 | 0.00007  0.00007 | 0.00006
-3.7 | 0.00011 | 0.00010 A 0.00010 | 0.00010

-0.1 0.46017 | 0.45620 0.45224 0.44828
=0.0 0.50000 | 0.49601 0.49202 0.48803
z -0.00 -0.01 -0.02 -0.03
z +0.00 +001 +0.02 +0.03
0.0 0.50000 | 0.50399 | 0.50798 | 0.51197
0.1 0.53983  0.54380 | 0.54776  0.55172

3.8 | 0.99993 | 0.99993 | 0.99993 | 0.99994
3.9 1 0.99995 | 0.99995 0.99996  0.99996
z +0.00 +0.01 +0.02 +0.03

-0.04
0.00004
0.00006
0.00009

0.44433
0.48405
-0.04

+ 0.04

-0.05 -0.06 -0.07 -0.08
0.00004  0.00004 0.00004 0.00003
0.00006 ' 0.00006 | 0.00005  0.00005
0.00009 0.00008 | 0.00008 0.00008

/P (-0.15)

0.44038 | 0.43644  0.43251 0.42858
0.48006 0.47608 | 0.47210 0.46812
-0.05 -0.06 -0.07 -0.08

+0.05 +0.06 +0.07 +0.08

0.51595 | 0.51994 | 0.52392 | 0.52790 0.53188

0.55567 | 0.55962 | 0.56360  0.56749 0.57142

0.99994 | 0.99994 | 0.99994 | 0.99995 | 0.99995

0.99996 | 0.99996 | 0.99996 | 0.99996 | 0.99997

+0.04

+0.05 +0.06 +0.07 +0.08

-0.09
0.00003
0.00005
0.00008

0.42465
0.46414
-0.09
+0.09
0.53586
0.57535

0.99995
0.99997
+0.09



Scaling the Gaussian RV

X~Nu=0,0°=1)~N(0,1)

s Y=0X+u NN(}‘/TD

* fr(y) = ( ’ ) -

()_L _u_z
fu —mexp( >)



Connecting Gaussian to Exponential Exam Safe

Comparing Normal Z ~ N(0,1) with Exponential E(A = %)

© fi) = =exp(-L)  fyw) = Sexp(—Y)
¢ LetX = Z*

o ) o f(VAD) + f(—D) < exp (= 3) ~ E(A =)

Example — Circuit voltage noise follows Z ~ N
e Energyis Z* - cause system fail



Examples

Given ®(u) 2 Fy(u)and Q(u) =1 —d(u) forX ~ N(0,1)
+ LetY =N(u=10, 02 =16) Y= aX+th .
e Find P{Y > 15}, P{Y < 5}, P{Y? > 400} and P{Y = 2}in
terms of @ or () A= 4 h=10

PIY>18] = PLax+lo>163
-p{x>£3 = Q(2)
P{Y<ST =PlaxtiocsT = p{><<_..§-3
— &
= 9(,-2'_)



P{YZd003=P{T<-254PLY220]
= PLax+l05-20T ¢ PFAX 410290 7
=3 (-25)+Q(28) =a(>.5)

3 /‘j% s Coppare F;F ans, I3

0 o (»+ a5

w

L; = i(-—},fj
=E)« B (-2.8)




