Last lecture

Binary Hypothesis Testing (Ch 2.11)
e Likelihood Ratio Test (LRT)
 Maximum likelihood decision rule
 Maximum A Posteriori (MAP) decision rule
 Examples

Union Bound/ Reliability (Ch 2.12)



Agenda

Continuous RV (Ch 3)
* Motivation
 Cumulative Distribution Function (Ch 3.1)

 Examples
 CDF to PMF and probabilistic density function (PDF)

Continuous RV & Probability Density Function (Ch 3.2)
e Definition
* Facts

Uniform Distribution (Ch 3.3)



Continuous RV



Motivation

Tired of coin toss/ win-lose?
* Real-world is continuous
* Time, space, height, weight, colors, etc.
e But how do we define a continuous RV?
* Recall for prob. space (Q,F, P)
e Xmapsw € to R (coated die)
e Whatif w is continuous?
 Discrete {w: X(w) = ¢} -> Continuous {w: X(w) < c}

 Fy(c) =Plw:X(w) < c} = P{X < c}

Camulative, Distributiov  TFunstion,



Cumulative Distribution Function (CDF

Recall for prob. space (), F, P)
e X mapsw € (to R (coated die)
 PMF{w:X(w) = c}-> CDF{w: X(w) < c}
 Fy(c) =Plw:X(w) < c} =P{X < c}

CDF of a fair die roll  E (¢)




Recall — Left limit and Right limit

Fy(x —) = },iLY}C Fx(¥) Fy(x +) = },iLr}c Fx(y)
y<Xx y>X
* Fx(x) £ Fx(x +)
 Fx(24) =

+ AFy(x) = Fy(0) = Fx(x =) = P (%) 1k L

* P{X € (ab]}= D aTe(o
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= Fx(h) = Fx (a~)



Examples U=o Pi{X=0%=|-0.&-04

Find alluwhere P{IX =u} >0 pP3IX=M Z—FX(M)-— Fx(M’)

find P{X < 0} >0

Find P{X < 0} D atu, X B nn-contimwy
P{x<0%=TFxlo) = | —
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‘FX ( 0 - g Figure 3.2: An example of a CDF.




CDF Properties

A function F is a CDF of some RV iif |
* Fisnone-decreasing TXCC) €[ 0, | ,

 lim F(c)=1and lim F(c) =0
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CDF to PMF and PDF

For discrete RV
* Fx(o) = z,usc Px oy
© px(W = Ty ()= Fx (M-)

For continuous RV

CRO= [° g wdu

* fx(u) = ‘F)(/(M) M[;[;fm

© fx(w)is called probabilry demsﬂg ” (PDF)
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Continuous RV (Ch 3.2)



Continuous RV and PDF

X is a continuous RV if its pdf fy follows
e Fy(c) = f_coo fy(w)duforallc € R

e Support-{u: fy(u) > 0}
« If Fy(c) is continuous and differentiable, fy = Fy'

* Sincethereisnojumpin Fx(c), P{X =c} =

b
) P{a<XSb}=FX(b)—FX(a)=jA Fx 0 dg
L = Py fog) - Ty (o) = 1=0 = |



Why P “density” F fiCug) = Jim e T Z T

h—-0

initi — F! F —F(ug—h
By definition, fy = Fy £z = }lirr(l) (up) h(uo )

Not ’l
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. P{u0—§<X<u0 +E}=Efx(u0)+0(e)

* fx(up) = lim Fo+5)-F(k0=3)

* “Density of the probability”



Expectation and Variance

* HUx = foo ufy(u)du
e LOTUS stlllapplles Elg(x)] = f g(u)fX(u)du
e E.g.E[aX?+ bX +c] =aE[X?] + bE[ | +

= Var(X) = E[(X — ux)?] = E[X?] — g

e
j: MQJC 0, A



Example

: fx(u)={A(1—u2) PR e

0 else
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Uniform Distribution



Uniform Distribution Vi
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Properties

o b
. E[X] = du = M
X] = [ ufy(u) du f(h A
. E[X?]=[" u? du =
" <_[_1] J_u*fy(u) du
mOM\tu‘m. Var(X):

* Special case, when (a,b) = (0,1)
e k™" moment E[X*] =
e Var(X) =
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