University of Illinois Spring 2017

ECE 313: Hour Exam II

Wednesday, April 12, 2017
8:00 p.m. — 9:15 p.m.
Last names A-T in ECEB 1002; U-Z in ECEB 1015.

1. [54+342 points]

The figure below shows a binary communication channel, called binary erasure channel, with
binary input X ~ Bern(1/3) (that is, px(0) = 2/3 and px(1) = 1/3) and ternary output

bina {0’ 1’ 2}
(
. 0.9 0
0.1
.
P 0.8 )

The conditional pmf py | x(y|z) of Y given X is given in the figure; e.g., py|x(2[0) = 0.1,
py|x(0]1) =0, py|x(2[1) = 0.2, etc.

(a) Find px y(x,y), py(y), and px|y(z|y) for all possible values of X and Y.

Solution: The joint pmf can be computed using the chain rule px y (7, y) = py|x (y|z)px (2):

pxy(0,0) =2 x 2 =18

pxy(0,1)=0x2=0
pxy(0,2) = Tlo X % = %
pX’y(l,O) =0 x % =0
pxy(L]) =& x =8
pxy(1,2) =& x =2

The marginal pmf py (y) is found by the law of total probability py (y) = >, px,v(z,y):
py (0) = px,y(0,0) + px,y(1,0) = 33

py (1) = pxy(0,1) + pxy(1,1) = 5

py(2) = pxy(0,2) +pxy(1,2) = g

Finally we use the definition of conditional probability pxy (z|y) = 1);;:7((;6)4;)
x|y (0]0) =1

px|y(0]1) =0

pxy(02) = 3

px|y(1]0) =0

pxy(1]1) =1

(b) A decoder receives the output symbol Y, and decides whether the input symbol was
X =0or X =1 by applying the following decision rule D(y).

D(y) = { (1) gthifx‘;js(g‘y) > pxy (1]y) (1)



Find D(0), D(1), and D(2).
Solution:
D(0) = 0, since px|y(0]0) =1 > px|y(1/0) = 0.
D(1) = 1, since px|y(0[]1) = 0 < pxy(1[1) = 1.
D(2) = 0, since pxy(02) = 1/2 > pxy(1]2) = 1/2 (note that since pxy(0[2) =
px|y (112), we could have also chosen D(2) = 1).
(c) What is the probability that the decoder makes an error, that is, P. = P{D(Y) # X}?
Solution:
The probability of error is

2
Po=P{DY)#X}=>_ >  pxy(@y) =pxy(L0)+pxy(0,1)+pxy(1,2) = 30
Yy zx#D(y)

2. [44-3 points] Suppose there are two hypotheses about an observation X as follows:
Hj : X has uniform distribution over [0, ¢],
H; : X has exponential distribution with parameter A,

where the constants ¢ and A are not known to us. An experiment is run under each hypothe-
ses to first estimate these constants. X is observed under hypothesis zero for three times
independently and these are the outputs: 0.2,1.1, and 2. Separately, X is observed under
hypothesis one for three times independently and these are the outputs: 0.9,1.6, and 2.5.

(a) Based on the observations we have, what is the ML estimation of constants ¢ and A?
Solution: The likelihood function of observing 0.2,1.1, and 2 for hypothesis 0 is the
following:

1 1 1 1
lo(c) = E—’{ogoagc} : g—’{ogmgc} : 21{03230} = gf{og(o.Q & 11 & 2)<c}s

where ¢ = 2 maximizes this likelihood function.
The likelihood function of observing 0.9, 1.6, 2.5 for hypothesis 1 is the following:

ll()\) — )\670.9)\ X Aeflﬁ)\ . )\672.5)\ — )\3675)\‘

The following is the derivative of 1;(\) with respect to A:

dli ()

dA
We should check which value of A among both the end points for A and the points derived
from setting the derivative to zero, maximizes 1 (). Checking the three points 0, 2, and

G
oo, we find out that A = %
(b) Assuming ¢ = e and A = 1, find the ML rule.

Solution: For u € [0, €] :

=3A%e P —5A %A = AZe TP (3 — 5)) = 0.

_fl(u)_e. —u _ _—u+l
A(u)—fo(u)— +

)
|
)

then,
A<l=e " <i=1<u<e,

SO

H(], 1f1§X§e

ML rule :
1, else.



3. [3+4+3 points]
Consider random variables X and Y with joint pdf

_ it x4yl <1/V2
Fxy(z,y) = { 0 otherwise (2)
where ¢ > 0 is a constant.
(a) Find c.
Solution:

The density is constant over the diamond with corners (0, £1/2/2) and (+/2/2,0). Since
the sides of the diamond have length equal to 1, its area is equal to 1, and ¢ = 1. The
value of ¢ can also be obtained computing the double integral of the joint pdf.

(b) Find fx(x) and fxy(z|y). Are X and Y independent?
Solution: The marginal pdf of X can be found by integrating the joint pdf with respect
to y.
For 0 < z < v/2 /2,

v 1
fx(z) = L ldy = (ﬁ — )
For —v/2/2 < 2 <0,
1.
V3 1
fx@) = [7) ldy =25+ )
-

Combining both results, we can express fx(z) as:

V2 = 2lz| if |z < V2/2

0 otherwise

fx(@) = {

Note that fy(y) = fx(y) since fxy(z,y) is symmetric in « and y. Therefore,

0 otherwise

1 .
Ixy (zly) = W = { VZ—2]y| if |z + |yl < v2/2,

Clearly, X and Y are not independent, as the support for the density is not a product
set ((0,0),(7/10,0),(0,7/10) are within the support, but (7/10,7/10) is without.

(¢) Find E[|X|+ |Y]].
Solution:
First note that by symmetry, E[|X| + |Y]|] = 2E[| X]|].

1/V2 f1/V2-z
E[|X|+|Y|]| =2E]|X :2><4/ / rdydr =
[1X1+ Y]] [1X1] ; ; 35

4. [24443 points] Let (N; : t > 0) be a Poisson process with parameter A = 1.

(a) Find the value of P(Ng = 1’]\71 = 2).

Solution: Zero!



(b) Find the value of P(Ng < 2’]\71 < 1).

Solution:
P(N3<2& Ny <1)

P(Ny <1)

P(N3 < 2‘]\71 < 1) =

The denominator is calculated as follows:
P(M<1l)=el+e ! =271,
and the numerator is calculated as below:

P(N3 <2 & Ny <1)
=P(N1=0& N3 —N; <2)+P(Ny=1& N3 — N, <1)
el (5e?) 4t (3e7?) =873

Hence,

P(N3 < 2’]\71 < 1) — 42

(c) As you know, (NVy) has independent increments, i.e., if 0 < tp < t; < --- < t,, the
increments Ny, — Ny, Ny — Ny, -+, Ny, — Ny, are independent.

Define (Y; : t > 0) where Y; = N?. Express E [YQ — Y1’N1} in terms of Nj.

Deduce from the expression you obtained for E [YQ - ‘Nl] whether (Y2 — Y)) is inde-

pendent of (Y7 — Yp).
Solution: Conditioned on N = k, and using the fact that No — N; is an expeonentially
(A = 1) distributed random variable independent of Nj, one has

E(NZ—NZ|N, = k) = ZE (N3=NP|Ny =k, No—Ny = )P(Np—Ny = 1) = > _((I+k)*—k*)e ™" /1!
=0 =0

Simplifying this sum, one gets

o0

e ) (1P =2k /Il = (iu(z -+ izk/(z - 1)!) .
=1 =1 =1

Renaming [ — 1 =: m, we obtain

e (i(m +1)/m! + 2k i 1/m!> —e! i 1/(m—1)4e~1 f: 1/m!4e 12k i 1/m! = 242k.
m=0 m=1 m=0 m=0

m=0

Therefore, E(N2 — NZ|Ny = k) = 2 + 2k, or, E(N3 — NZ|Ny) = 2+ 2N;.
As you see, the increment depends on Ny, or equivalently (Y; —Yp). Therefore, (Yo —Y7)
is not independent of (Y7 — Yp) and (Y;) does not have independent increments.
5. [34+4 points] Let X ~ N(0,1) be the standard normal variable. Let ¥ = exp(X).
(a) Find P(Y > 0),P(Y > 1).
Solution: Clearly, Y > 0 with probability 1. Further, P(Y > 1) =P(X > 0) = 1/2.
4



(b) Find the expectation and the variance of Y.
Solution: We find

EYR = L %2 eke 2au =
\/12?61@2/2 ffooo e—k?/2+ku—u?/2 4,

ek /2

(here we use the fact that [ e~k /2ku—u? /2, 1= e~ (w=k)?/2qy and change of
variable u — u — k).
Therefore,

E(Y) = e/?, and EY? = €2,

whence U% =e2—e.

6. [5+4 points] Consider the following 3 functions, described by their piece-wise linear graphs:

fo o fo

(a) If U is uniformly distributed on [0, 1], describe (or sketch) the densities of f;(U),i =
1,2,3.
Solution:

e For each ¢ € [0, 1], there are 3 preimages of c. At these preimages, the absolute

values of the reciprocals to the derivative of f; are always the same and sum up to
1. Hence f;(U) is also uniform in [0, 1].
Alternatively, one can evaluate CDF of fi(U). One can easily see that the total
length of the set {u € [0,1] : fi(u) < ¢} is increasing linearly with 0 < ¢ < 1,
starting at 0 for ¢ = 0, and ending at 1 when ¢ = 1. Hence f;(U) is uniform on
[0, 1].

e The density of f2(U) is uniform in its support, which is clearly equal [1/4,3/4] (same
reasonings as before work).

e The density will be equal to 3 on [0,1/4] (reciprocal to the derivative to f3 on the
preimage), and to 1/3 on [1/4, 1], for the same reason.

(b) Find the expected value and variance of f;(f;(U)) for i = 1, 2.
Solution:

e For fi, all iterations are uniform on [0, 1], so the average is 1/2, and the variance is
1/12.

e For fy, the iterations are uniform on the interval shrinking geometrically to 1/2; the
second iteration is uniform on [1/2 —1/8,1/2 + 1/8]. In other words, the f;(fi(U))
is distributed as 1/2 + 1/4(U — 1/2). The expectation is, therefore, 1/2, and the
variance 1/12 x (1/4)% = 1/192.



