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Today’s Topics

Random Variables
—Example:

—Geometric/modified Geometric Distribution
— Poisson derived from Bernoulli trials; Examples
—Examples: Verifying CDF/pdf/pmf;

sAnnouncements:
— Homework 4 out today
— In class activity next Wednesday,.
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Binomial Random Variable (RV) Example:
Twin Engine vs 4-Engine Airplane

« Suppose that an airplane engine will fail, when in flight, with
probability 1-p independently from engine to engine. Also,
suppose that the airplane makes a successful flight if at least 50
percent of its engines remain operative. For what values of p is
a four-engine plane preferable to a two-engine plane?

« Because each engine is assumed to fail or function
independently: the number of engines remaining operational is
a binomial random variable. Hence, the probability that a four-
engine plane makes a successful flight is:

4 21 2 4 31 4 41 0
2p(—p)+3p(—p)+4p(—p)

=6p°(1-p)° +4p°(1- p)+ p°
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{ Binomial RV Example 3 (Cont’)

« The corresponding probability for a two-engine plane is:
2 2) , )
| p(—p)+ 5 |P =2p(l=p)+p

« The four-engine plane is safer if:
6p°(1-p)° +4p’(1-p)+p* 22p(1-p)+p
6p(1-p) +4p*(1-p)+p’ 22-p
3p°—8p* +7p-220 or (p-1’Bp-2)=0
« Orequivalentlyif: 3p—-22>20 or p2 %

 Hence, the four-engine plane is safer when the engine success
probability is at least as large as 2/3, whereas the two-engine plane is
safer when this probability falls below 2/3.
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Geometric Distribution: Examples

« Some Examples where the geometric distribution occurs

1. The probability the ith item on a production line is defective is given
by the geometric pmf.

2. The pmf of the random variable denoting the number of time
slices needed to complete the execution of a job
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Geometric Distribution Examples

3. Consider a repeat loop
* repeat S until B

« The number of tries until B (success) is reached (i.e.,includes
B), is a geometrically distributed Random Variable with
parameter p.
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Discrete Distributions
Geometric pmf (cont.)

« To find the pmf of a geometric Random Variable (RV), Z note
that the event [Z = i] occurs if and only if we have a sequence of
(i— 1) “failures” followed by one success - a sequence of
independent Bernoulli trials each with the probability of success
equal to p and failure q.

« Hence, we have the pdf
p,()=q ' p=p(l-p)'~" fori=1,2,.., (A)
— whereq=1-p.
« Using the formula for the sum of a geometrlc series, we have:
i- 4
p,()=) pq" ————1
Z : Z i
1] L ]
CDF of Geometric distr.: F,(t) = Zp(l p) " =1-(1-p)
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Modified Geometric Distribution
Example

« Consider the program segment consisting of a while loop:
* while"BdoS

« the number of times the body (or the statement-group S) of the
loop is executed: a modified geometric distribution with
parameter p (probability the B is not true) — no. of failures until
the first success.
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Discrete Distributions
the Modified Geometric pmf (cont.)

The random variable X is said to have a modified geometric
pmf, specify by

py (1) =p(1-p)’ fori=0,1,2...

The corresponding Cumulative Distribution function is:

¢ |
Fo(0)=Y p-p) =1-(1-p}*" fori>0
=0

Iyer - Lecture 10 ECE 313 — Fall 2016



Example: Geometric Random Variable

A representative from the NFL Marketing division randomly selects
people on a random street in Chicago loop, until he/she finds a
person who attended the last home football game.

Let p, the probability that she succeeds in finding such a person, is
0.2 and X denote the number of people asked until the first
success.

 What is the probability that the representative must select 4
people until he finds one who attended the last home game?
P(X =4)=(1-0.2)3(0.2) = 0.1024
 What is the probability that the representative must select more
than 6 people before finding one who attended the last home
game?
PX>6)=1-PX<6)=1—-[1-(1-0.2)°] =0.262
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The Poisson Random Variable

* A random variable X, taking on one of the values 0,1,2,..., is said

to be a Poisson random variable with parameter a, if for some
a>0,

i

o

p(i)=P{X=it=e*Z, i=0,,..

l.

defines a probability mass function since
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Poisson Random Variable

Consider smaller intervals, i.e., letn » o

Atk —1D).(n—k+1)] At\" A\ ¢
P(X=k)= llm nn-1)..(n ) (1 — _) <1 — _)
n-o k! n-n-n..n _ n n
’ N (1 1) (1 2) k+17 (1 At)” (1 /11:)_"
- n1—r>rolo k! n n - n )_ n n
Atk ]

Which is a Poisson process with a = At
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Geometric Distribution Examples

3. Consider the program segment consisting of a while loop:
* while"BdoS

« the number of times the body (or the statement-group S) of the
loop is executed: a modified geometric distribution with

parameter p (probability the B is not true) — no. of failures until
the first success.

4. Consider a repeat loop

* repeat S until B

« The number of tries until B (success) is reached will be a
geometrically distributed random variable with parameter p.
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Discrete Distributions
Geometric pmf (cont.)

« To find the pmf of Z note that the event [Z = i] occurs if and only
if we have a sequence of (i — 1) failures followed by one success
- a sequence of independent Bernoulli trials each with the
probability of success equal to p and failure q.

« Hence, we have

p,()=q 'p=p(l-p)"  fori=1,2.., (A
— whereq=1-p.
« Using the formula for the sum of a geometric series, we have:
4
p,()=) pq" =—=—=1
Z : Z i

LfJ |
- CDF of Geometric distr.: F,(t) = Z:p(l—p)‘_1 =1 _(1_p)LfJ

1=1
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Discrete Distributions
the Modified Geometric pmf (cont.)

The random variable X is said to have a modified geometric
pmf, specify by

py (1) =p(1-p)’ fori=0,1,2...

The corresponding Cumulative Distribution function is:

¢ |
Fo(0)=Y p-p) =1-(1-p}*" fori>0
=0
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Example: Geometric Random Variable

A representative from the NFL Marketing division randomly selects
people on a random street in Chicago loop, until he/she finds a
person who attended the last home football game.

Let p, the probability that he succeeds in finding such a person, be
0.2 and X denote the number of people he selects until he finds his
first success.

 What is the probability that the representative must select 4
people until he finds one who attended the last home game?
P(X =4)=(1-0.2)3(0.2) = 0.1024
 What is the probability that the representative must select more
than 6 people before he finds one who attended the last home
game?
PX>6)=1-PX<6)=1—-[1-(1-0.2)°] =0.262
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The Poisson Random Variable

* A random variable X, taking on one of the values 0,1,2,..., is said
to be a Poisson random variable with parameter A, if for some

A>0, l
G A

pli)=P{X =i}=¢ i i=0,1,...
i!

defines a probability mass function since
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Poisson Random Variable

Consider smaller intervals, i.e., letn » o

Atk —1D).(n—k+1)] At\" A\ ¢
P(X=k)= llm nn-1)..(n ) (1 — _) <1 — _)
n-o k! n-n-n..n _ n n
’ N (1 1) (1 2) k+17 (1 At)” (1 /11:)_"
- n1—r>rolo k! n n - n )_ n n
Atk ]

Which is a Poisson process with a = At
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Example: Poisson Random Variables

A cloud computing system failure occurs according to a Poisson
distribution with an average of 3 failures every 10 weeks. l.e., the
failure within t week(s) is Poisson distributed with o = 0.3t

i.  Calculate the probability that there will not be more than one
failure during a particular week

Let X;denote the number of failures withint weeks

8_0'30.30 8_0'30.31
P(X1=OOT1)=P(X1=O)+P(X1=1)= 0' + 1'
ii. Calculate the probability that there will be at least one failure

during a particular month (4 weeks)

e03*4(0.3 x 4)°
0!

PX,>1)=1-PX,=0)=1—
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Poisson Random Variable

A manufacturer produces VLSI chips, 1% of which are defective.
Find the probability that in a box containing 100 chips, no
defectives are found.

Using Poisson approximation, a =100*0.01=1,

We can verify that the probabilities are non negative and sum to 1

co

_—a_ —0, 0 —
e e Zk'_ 1

k:O
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Example: PDF, PMF

Verify whether below are valid PDF/PMF.

1
o) = ax% 0SxS2 p(0) = {70 3* =2, x = 0123
0, otherwise 0, otherwise
Answer: Answer:
L fx)=0 1. Irop(x=k)=%}_op(x=k)=1

2. [° f)dx = fozixg‘dx =1 2. However, p(X:O):I—s <0
Therefore, it is a valid PDF. Therefore, it is not a valid PMF.
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Example: CDF

* Verify whether the following is a valid CDF

0, x <0
F(x) = x?, 0 <x<1
1, x =1
Answer:
1. lim F(x) =0
X—>—00
2. limF(x)=1
X—CO
3. Is F(x) monotonically non-decreasing? Yes

Therefore, it is a valid CDF.
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Example: Identify Random Variables

For each of the following random variables, i) determine if it is
discrete or continuous, ii) specify the distribution of the identified
random variable (from those you have learned in the class), iii)
write the formula for probability mass function (pmf) or probability
density function (pdf) based on the information provided:

|. A binary communication channel introduces a single bit error in
each transmission with probability of 0.1. Let X be the random
variable representing the number of errors in n independent
transmissions.
1. Discrete
11.  Binomial
iii. PX=1)=()p'@-p)""
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Example: Identify Random Variables

ll. A sequence of characters is transmitted over a channel that
introduces errors with probability 0.2. Let N be the random
variable representing the number of error-free characters
transmitted before an error occurs.

1. Discrete
i1.  Modified Geometric

iiii,. PN=i)=0-p)p
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Review: Continuous Random Variables

f(y)
« Continuous Random Variables:

— Probability distribution function (pdf):
P{XEB}=ff(x)dx Ft) P(a<x<b)
B

* Properties: . L
1= P{X e(—0,00)} = f(x)dx e b )

« All probability statements about X can be answered by f(x): pdf
Pla<X <b}=| f(x)dx

P{X =a)= j F(x)dx =0

F(x)

— Cumulative distribution function (CDF):

F(x)=P(X<x)= jfx(t)dt , —00 < X <00

d —0
- Properties: %F(a) = f(a)
e A continuous function
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Normal or Gaussian Distribution
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Normal or Gaussian Distribution

« Extremely important in statistical application because of the
central limit theorem:

— Under very general assumptions, the mean of a sample of » mutually
independent random variables is normally distributed in the limit n — oo.

 Errors in measurement often follows this distribution.

« During the wear-out phase, component lifetime follows a normal
distribution.

* The normal density is given by:

where —o<u<o and o >0 aretwo parameters of the
distribution.
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Normal or Gaussian Distribution
(cont.)

Normal density with parameters u =2 and o =1

c =1
0.4 —
—
I 02k
| '
-5.00 -2.00 1.00 4.00 7.00
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Normal or Gaussian Distribution
(cont.)

» The distribution function (CDF) F(x) has no closed form, so
between every pair of limits a and b, probabilities relating to
normal distributions are usually obtained numerically and
recorded in special tables.

 These tables apply to the standard normal distribution
[Z ~ N(0,1)] --- a normal distribution with parameters u=0, ¢ =1
--- and their entries are the values of:

F,(z)=

L j‘etzzdt
N2 2
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Normal or Gaussian Distribution
(cont.)

« Since the standard normal density is clearly symmetric, it follows
that for z > 0

F,(=2) = [ f,(0)dt
- [, (-0)dt

fr(Ddt

n = 8

= [ £,(0dt — [ f,(t)dt
=1- FZ(Z)

« The tabulations of the normal distribution are made only forz=0
Tofind Pl@a<Z<b), use F(b) - F(a).
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Normal or Gaussian Distribution
(cont.)

« The CDF of the N(0,1) distribution (F,(z)) is denoted in the tables
by @, and its complementary CDF is denoted by O, so:

Ou) =1-0(u) = O(-u)

Table 6.1: ® function, the area under the standard normal pdf to the left of . Table 6.2: Q function, the area under the standard normal pdf to the right of z.

X 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 X 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.0 | 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 04761 0.4721 0.4681 0.4641
0.1 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.1 | 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247
0.2 0. 0.5910 0.5987 0.6026 0.6064 0.6103 0.2 | 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859
0.3 0.6217 0.6293 0.6368 0.6406 0.6443 0.6480 0.6517 0.3 | 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0 4 03557 0.3520 0.3483
0.4 0.6591 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 (.6879 0.4 | 0.3446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121
0.5 0.6950 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224 0.5 | 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2843 0.2810 0.2776
0.6 0.7291 0.7357 0.7380 0.7422 0.7454 0.7486 0.7517 0.7549 0.6 | 0.2743  0.2709 0.2676 0.2611 0.2578 0.2514 0.2483 0.2451
0.7 0.7611 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 (.7852 0.7 | 0.2420 0.2389 0.2358 0.2296 0.2266 0.2206 0.2177 0.2148
0.8 | 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133 0.8 | 0.2119 0.2090 0.2061 0.2005 0.1977 0.1922  0.1894 0.1867
0.9 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389 0.9 | 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611
1.0 | 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621 1.0 | 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379
1.1 | 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830 1.1 | 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 0.1190 0.1170
1.2 | 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015 1.2 | 0.1151 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985
1.3 | 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177 1.3 | 0.0968 0.0951 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823
1.4 | 0.9192 0.9207 0.9236 0.926 0.9279 0.9292 0.9306 0.9319 1.4 | 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681
150 2 0.9345 0.9370 0. 0.9406 0.9418 0.9429 0.9441 1.5 | 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559

0.9484 0.9515 0.9525 0.9535 0.9545 1.6 | 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
0.9582 0.9591 0.9599 0.9608 0.9616 0.9633 1.7 | 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706 1.8 | 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294

1.6 | 0.9452 0.9463
1.7 | 0.9554  0.9564
1.8 | 0.9641 0.9649

1.9 | 0.9713 0.9719 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767 1.9 | 0.0287 0.0281 0.0274 0.0268 0.0262 0.02 0.0250 0.0244 0.0239 0.0233
2.0 | 0.9772 0.9778 0.9788 0.9798 0.9803 0.9808 0.9812 0.9817 2.0 [ 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183
2.1 | 09821 0.9826 0.9834 0.9842 0.9846 0.9850 0.9857 2.1 | 0.0179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
2.2 | 0.9861 0.9864 0.9871 0.9878 0.9881 0.9884 0.9890 2.2 | 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.0110
2.3 | 0.9893 0.9896 0.9901 0.9906 0.9909 0.9911 0.9916 2.3 | 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
2.4 | 09918 0.9920 0.9925 0.9927 0.9929 0.9931 0.9932 0.9936 2.4 | 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
2.5 | 0.9938 0.9940 0.9943  0.9945 0.9946 0.9948 0.9949 0.9952 2.5 | 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048
2.6 | 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9964 2.6 | 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
2.7 | 09965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9974 2.7 | 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
2.8 | 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981 2.8 | 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019
2.9 | 09981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986 2.9 | 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014
3.0 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990 3.0 | 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.0010 0.0010
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Normal or Gaussian Distribution
(cont.)

* For a particular value, x, of a normal random variable X, the
corresponding value of the standardized variable Z is:

Z=(X-uw/o
« The Cumulative distribution function of X can be found by using:
F,(z)=P(Z <z)
X-—u
o)
=P(X<u+zo)
=Fy(u+zo)

:P(

<2)

alternatively:

FX<x>=FZ<’“;“>

« Similarly, if X is normally distributed with parameters y and o2 then
Z = aX + Bis normally distributed with parameters auy + 8 and a?02.
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Normal or Gaussian Distribution
Example 1

* An analog signal received at a detector (measured in microvolts)
may be modeled as a Gaussian random variable N(200, 256) at
a fixed point in time. What is the probability that the signal will
exceed 240 microvolts? What is the probability that the signal is

larger than 240 microvolts, given that it is larger than 210
microvolts?

P(X > 240) =1 — P(X = 240)
_ 1_FZ(240-200)

16
= 1-F,(2.5)
~0.00621
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Normal or Gaussian Distribution
Example 1 (cont.)

Next:

P(X) = 240)
P(X =210)
240 - 200

16
210 -200

16

P(X=2401X =210) =

1-F,

1-F,

~0.00621

~ 0.26599
~0.02335
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Normal or Gaussian Distribution
Example 2

Assuming that the life of a given subsystem, in the wear-out
phase, is normally distributed with 1 = 10,000 hours and ¢ =

1,000 hours, determine the reliability for an operating time of
500 hours given that

— (a) The age of the component is 9,000 hours,
— (b) The age of the component is 11,000.

The required quantity under (a) is Rg (00(900) and under (b) is
R11,OOO(5OO)-
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