University of Illinois Spring 2013

ECE313: Problem Set 8
Poisson process; scaling of RVs; Erlang and Gaussian pdf; ML estimation

Due: Wednesday, March 13 at 6 p.m.
Reading: FECFE 313 Course Notes, Sections 3.5-3.7

1. [Exam Grading]
Suppose students in a class (not ECE313) take an exam. Assume the exam scores are dis-
tributed according to a Gaussian distribution with mean 75 and standard deviation 15.
Letter grades are assigned to students according to one of the following grading policies.

Policy 1 Policy 2
Scores Grade Ranking Grade
85 or more A Top 17% A
70 or more B Top 50% B
55 or more C Top 83% C
Less than 55 D Not in top 83% D

(a) Using Tables 6.1 and 6.2 in the lecture notes, find the percentage of students expected
to receive grades of A, B, C, and D under grading policy 1.

(b) Using the same tables, find the cut-off scores between A and B, B and C, and C and D
under grading policy 2. It is not necessary that the cut-off scores must be integers.

2. [Poisson process|
Consider a process in which successes can occur at any time, at an average rate of A events per
second. The number of events occurring in any time interval is independent of the number of
events occurring in any other time interval unless the intervals overlap. Define the following
random variables:

e X,, is the number of successes achieved in the first m seconds, i.e., during the time
interval ¢ € (0, m].

e X, is the number of successes achieved in the first n seconds, i.e., during the time interval
t € (0,n], where n > m in all parts of this problem.
e Tj is the time (in seconds) at which the j*® success occurs.

e T} is the time (in seconds) at which the k' success occurs, where k > j in all parts of
this problem.

In terms of the variables A\, m, n, j, k, etc., find the following pmfs and pdfs:

(a) px, (k) is the probability that there are k successes in the first n seconds. Write a formula
for px, (k).

(b) Px,|x,,(Kk|i) is the probability that there are k successes in the first n seconds, given
that there are i successes in the first m seconds, where m < n. Write a formula for
DX, X (K[2).

(¢) Px,.|x,(i|k) is the probability that there are i successes in the first m seconds, given
that there are k successes in the first n seconds, where m < n. Write a formula for
pXm|Xn(i|k)~



(d) fr,(u) is the probability density with which the first success happens at exactly 77 = u
seconds, where u > 0 is a real-valued instance variable. Write a formula for fr, (u).

(e) fr,(v) is the probability density with which the &*" success happens at exactly T}, = v
seconds, where v is a real-valued instance variable. Write a formula for fr, (v).

(v|u) is the probabili ensity with whic e success happens at Ty, = v

) frm, is the probability density with which the &t happ t T
seconds, given that the j'™ success happens at T; = u seconds, where 7 < k. Write a
formula for fr, 7, (v|u).

(8) fr;i1, (ulv) is the probability density with which the j' success happens at T} = u
seconds, given that the k' success happened at T}, = v seconds, where j < k. Write a
formula for fr, 7, (ulv).

3. [Serial and parallel Poisson processes]
I have a very small house; there are only 4 light bulbs in my house. Each light bulb burns out
at an average rate of 0.1 burnouts per light bulb, per day. Burnouts can occur at any time.
The number of burnouts in any time interval is independent of the number in any other time
interval if and only if the two time intervals are non-overlapping.

(a) If a light bulb burns out at any time during the day, I replace it immediately (thus, for
example, there is a nonzero but very small probability of replacing 10,000 light bulbs
in any given day). Unfortunately, I have only a three-pack of light bulbs; if more than
three light bulbs burn out this week, I will have to go to the store to buy more. What
is the probability that I will get through the week (7 days) without going to the store?
Your answer should be a number.

(b) I'm tired of changing my own light bulbs, so I'm going to hire a light-bulb-changing
service. If one or more light bulbs burn out on any given day, a Light Bulb Technologist
(certified by the LBTAA) will visit my house at 8:30pm that evening to change all of the
broken bulbs; if no bulbs burn out that day, then the technologist does not visit. I pay
a monthly charge that covers up to one visit per week; if the technologist has to visit
my house more than once in any given week, I pay an emergency surcharge. What’s
the probability that I can get through any given week without paying an emergency
surcharge? Your answer should be a number.

4. [PDF Scaling]
Suppose that X,Y, and Z are the sampled values of three different audio signals. The mean
and variance of an audio signal are uninteresting: the mean tells you the bias voltage of the
microphone, and the variance tells you the signal loudness. For this reason, most audio signals

are pre-normalized so that
E[X] = E[Y] = E[Z] =0, (1)

and
Var(X) = Var(Y) = Var(Z) =1 (2)

Suppose that the signals X, Y, and Z have been normalized as shown in Eqgs. 1 and 2, and
now you are trying to find out which of these three signals is the most spiky, where spiky is
defined as follows:

A Spiky Random Variable is a random variable that generates “very large” values at
least once in every hundred trials, i.e., X is spiky if and only if Pr {|X| > 3ox} > 0.01.
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(a)

Suppose that X is a zero-mean, unit-variance Gaussian random variable. (1) What is
Pr{|X| > ox}? (2) What is Pr{|X| > 30x}? (3) Is X spiky? Be sure to consider both
positive and negative values of the random variable.

Suppose that Y is a uniform random variable, scaled so that it has zero mean and unit
variance. (1) What is Pr{|Y| > oy }? (2) What is Pr{|Y| > 3oy }? (3) Is Y spiky? Be
sure to consider both positive and negative values of the random variable.

A Laplacian random variable has the following pdf:

A
fz(u) = 56_’““_“‘, —00 < U< o0

Suppose that Z is a Laplacian random variable, with A and p chosen so that E[Z] =0
and Var(Z) = 1. (1) What is Pr{Z > 02}? (2) What is Pr{Z > 302}? (3) Is Z spiky?
Be sure to consider both positive and negative values of the random variable.

5. [Gaussian CDF and Complementary CDF]
Professors often assign grades based on the assumption that student test scores are Gaussian-
distributed. For example, a professor might want to give an A grade to 25 percent of the
students, and in order to accomplish this goal, he or she might announce that A grades will be
given to all students who have scores at least 0.68 standard deviations above the mean. The
problem with this logic is that a Gaussian random variable can be arbitrarily large, whereas
student test scores never exceed 100 points (on a 100-point test). Suppose, for example, that
Professor Schmoe gives a 100-point test, and afterward determines that the test score, X, is
a random variable with E[X] = 70 and ox = 18.

(a)

(b)

Suppose that Y is a Gaussian random variable with E]Y| = E[X] and oy = ox. What
is Pr{Y > 100}? Round your answer off to the nearest entry in either Table 6.1 or Table
6.2.

Professor Schmoe argues that assigning grades using a Gaussian curve is justified, be-
cause the missing upper tail of the Gaussian (the scores above 100 points that would
exist if X were Gaussian, but that do not exist in reality) is balanced by the missing
lower tail (the scores below 0 points that would exist if X were Gaussian). You argue,
correctly, that Prof. Schmoe’s argument is completely unjustified, because Pr{Y < 0}
is much, much less than Pr{Y > 100}. In order to make this argument, you’d better
figure out what Pr{Y <0} is. Round your answer off to the nearest entry in either
Table 6.1 or Table 6.2.



