University of Illinois Spring 2009

ECE313: Problem Set 13: Solutions
Joint Gaussian random variables, MMSE, limit theorems

1. [Jointly Distributed Random Variables]

(a) EW]=E[BX +Y +2] =3E[X]+ E[Y]+2=09.
Var(W) = Var(3X +Y +2) = 32-Var(X) + Var(Y)+2-3-1-Cov(X,Y) =9-4+946-2-3-0.1
— 48.6.
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2. [Coordinate Transformations for Jointly Distributed Gaussian Random Variables]

Z and W are jointly Gaussian random variables and independent if Cov(Z, W) = 0.
Since Cov(Z,W) = E[ZW] — E[Z|E[W] = E[(X cosf + Y sinf)(Y cos§ — X sin6)]
= E[Y?]sinfcosf — E[X?]sinfcosd + E[XY](cos? — sin? §)

=sinf cos - (07 —03)+(cos’ 0 —sin®0) - poyo, = 3 -sin20- (07 —02)+cos20- poyo,, we get independent

2p - 0y0,
02— o2

xT
then 0y + 7 is also a solution, as are 6y + 7/2. That is, there are four different values of 6 in the range

[0,27) that can be used to get independent Gaussian random variables from X and Y. In particular,
if 01 = o2, then 6 can take on values +7/4 and £37/4.

random variables if we choose 6§ = 3 arctan ( ) . Note that if 6, is a solution to this equation,

3. [Linear Minimum Mean Square Error Estimation]
WMSE — 2E[Y — (a+bX1 + cX)(—1)] =0 = a = py — bpx, — cpx,
ISE _ 3E[Y — (a4 bX; + cXo) (~X1)] = 0 — bELX?] = ELX1Y] — aux, — cpx,pix,
b(Var(X:1) + px,?) = Cov(X1,Y) + E[X1|E[Y] — apix, — cux, pix,
BRE =0 c(Var(Xa) + px,?) = Cov(Xs,Y) + E[X2]E[Y] - apx, — bpx, px,
Plugging in a, b(Var(X1) + px,2) = Cov(X1,Y) + E[X1]E[Y] — (uy — bpx, — clix,)ihx, — ClX, [X,-
b(Var(X1) + px,2) = Cov(X1,Y) + bux, and b = S2XLY) - Gimilarly, ¢ = 9023 44 ¢ =

Var(X1) Var(Xz)
_ Cov(X1,Y)ux,  Cov(X2,Y)ux,
Hy Var(Xy) Var(X2)
4. [Minimum Mean Square Error Estimation]
(a) See figures below.
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(b) MSE of MMSE estimator = Flvar(Y|X = u)] = /0 B3 du + /1/2 23 du = 139

(¢) See figure below.
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From the figure, Y is larger than E[Y|X = 0], when X = u = 0 and E[Y|X = 1] is larger than Y
when X =u = 1.

11 4\*\ 35 7T
var(Y) (1 — pg&y) =T <1 - (11) ) =08~ 133 ® it should be.

5. [Conditional Expectation]
(a) E[R] = E[E[R|S]] = E[S] = p. (Proposition 5.1)
(b) Var(R) = E[Var(R|S)] + Var(E[R|S]) = E[1] + Var(S) = 1 + 2. (Proposition 5.2)
()

= °° X _oe? _mw?
fr(r) = / fR75(T,5)dS:/ fpb‘s(r|5)f5(s)ds:01/ eTT e 2 ds
0 o2(r—s)24(s—p)2
= Cl/ e B ds (1)
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where C] is a constant. At this point, we can observe that we can simplify —W

done in the book in example 6b, although noting the additional terms of r, namely

as is

. ptro? 2
)
fr(r)=C1 / e 1402 ds| e® tor

— 00

where a and b are nonzero coefficents. Since we are integrating over a gaussian pdf (well, without
the normalizing coefficients) we get a constant (what would be 1 over the normalizing coefficient),

resulting in fr(r) = Cge‘”Z‘H"’. We can “complete the square” to put this into the traditional

form for a gaussian pdf. Because of this result, R is normally distributed, namely fr(r) =
T L 2
1 e 2((14-/0)2) .

(d) Cou(R,S) = E[RS] — E[RIE[S] = E[E[RS|S]) — pp = E[S] — u* = (Var(8) + E[S)) — p =

o2+ 12 — 2 = o2

6. [Functions of i.i.d. Gaussian Random Variables]
Fz(z2) = ff(z,y)ECz fxy(z,y)dzdy for z > 0 = 515 ffm2+y2§z exp — 505 (22 + y?)dady. Using polar
coordinates x = rcosf, y = rsinf, and dxdy — rdrdf. Fz(z) = 5= Ozﬂ de foﬁrexp — 5k (r?)dr

2702

= [1 —exp 55lu(2).fz(2) = dsz(Z) = iz exp 55 u(z). Thus Z is an exponential random variable.
Equivalently Z is a chi-squared random variable with two degrees of freedom.



7. [The Central Limit Theorem]

The mean of each roundoff error is zero and the variance is f_065_5 u?du = 1—12 Thus, E[S] = 0 and

Var() = Y2 = 8333, Thus, PIS| > 5] = P[l=25=| > 5=] ~ 20(755) = 2Q(1.73) =

2(1 — ®(1.732)) = 0.083.

8. [Limit Theorems]

(a) E[.i(l] = W = 3.5 so by Markov’s inequality, P[S100 > 400] < % = 1. (Not at all
a strong bound.

(b) E[X?] = 12+22+32Jg42+52+62 = 15 so that Var(X;) = 15 — 3.5% = 2.75 Therefore by Chebyshev’s
inequality P[SIOO Z 400] = P[Sloo — 350 Z 50] S PHSIOO — 350‘ Z 50] S %2275) =0.11
Or, we could use the one-side Chebyshev inequality found on page 418 of Ross. That yields

P[S100 > 400] = P[S100 — 350 > 50] < 2752_‘_% = 0.991. (Either answer is acceptable.)
()

- 400 — 350 400 — 35
S1oo — 350 00— 35 ]~ Q( 0 30):Q(3.015):1—<I>(3.015)m0.0009

V(275)100 ~ /(2.75)100 (2.75)100

P[Su)() > 400] = P[



