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ECE 413: Solutions to Problem Set 12

1. The pdf of (X,Y) is uniformly distributed on the unit disc, and thus has value 7!
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sin(t/6)=1/2

(a) If the midpoint of the chord is at distance less than 1/2 from the center of the circle, the
chord is longer than the side of the equilateral triangle inscribed in the circle (cf. Ross,
p. 217). Thus, the length £ of the random chord is greater than the side of the equilateral

triangle if (X, ) lies inside a circle of radius 1/2. This has probability 7—! [71- (%)2] =1

(b) The length of a chord at distance r from the center is 2v/1 — 2.
Hence, £ =21 —-R2 =21 - X2 —
and Fr(a)=P{L<a}=P{X?+Y?>1-a%/4} =1—-7(1 —a?/4)m~! = a? /4. From
this we get that fr(a) = a/2 for 0 < a <2, and fz(a) = 0 otherwise.
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(c) E[L] = / Q- %da =3 Alternatively, LOTUS gives E[£] = E[24/1 — X2 — )?)]
0
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:W—l//gmdudvz/ / 77_12\/1—7'2Td9d7“:/ Ary/1 = r2dr
r=0J6=0 r=

_ g(l —r2)3/2

4
= — as before.
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2. (a) The pdf surface is a right circular cone with base diameter 4 and altitude 2¢. The volume

8 3
under the surface is *71’2226 = %C giving ¢ = 3 The mensurationally-challenged can
0
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uself/ / c(2—r1) rd@dr27rc(r r> = 8mc — 67rc:%to arrive at
the same result.
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(b) For 0 < a <2, Fr(a) = P{R < a} = / / 2—r)rdfdr= = (r* — —
r=0J6= 087T 4 3 0
3 3
=1 a? - O;)) giving fr(a) = 2a — 2a? for 0 < a < 2 and fr(a) =0 otherwise. It is

also possible to find Fr(«) directly by noting that the volume inside the circle of radius
«a is that of a cylinder of height (3/87)(2 — «) plus that of a cone of height (3/87)a which
3

3
volume is 7a?(3/87)(2 — a) + (1/3)ma?(3/87)a = 1 (a2 - O;)) as before.
3. (a) For a < B, Fyy z(a, B) = P{W < o, Z < B} = P{max{X, Y} < o, min{X, Y} < 3}
= P{max{X, YV} < a,min{X, YV} < a} = P{X¥ < o,Y < a} = Fr y(a,a) since if the
maximum is smaller than « which is itself smaller than 3, then the minimum is also
smaller than a.



For a > 3, FW’Z( a,f) = P{W <, 2 <} = P{max{X, Y} < o, min{X, Y} < g}
—P{X<a,Y<B+P{X<BY<al-P{X<BY< B

=Fxy(a,B) + Fxy(8,a) = Fx y(B,5).

For v < B8, Fyy z (v, B) = Fx y(a, ) = Fx(a) Fy(a).
For a > 3, . = ) a) — Fx y(3,8)
= Fx(a)Fy(8) + Fx(B)Fy(a) - Fx(B)Fy(5).
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The pdfs of X%, Y2, and 22 are all gamma pdfs with parameters (1, 515). The random

variables X2, y2, and Z? are independent because X, ), and Z are independent random
variables.

1 1 1
where \ = 552 which is a gamma pdf with parameters ( )
o

The sum of independent gamma random variables with the same scale parameter is a
gamma random variable with the same scale parameter, and with order parameter equal
to the sum of the order parameters. Hence, the pdf of W = X2 + V2 + 22 is a gamma

1
pdf with parameters (%, #), and is given by fw(a) = — 22 exp(—a/20?) for a > 0.
o3\ 2r

The expected value of a gamma random variable with parameters (¢, A) is t/A. Hence,
E[W] = 302. Alternatively, E[)W] = E[X?] + E[)?] + E[2?] = 3(c? + (E[X])?) = 302.

E[H] = $mE[W] = 2mo? = 3kT giving 0 = kT /m. Hence, upon substitution, we get

kT —3/2 «
fw(a) = (m) \/; exp(—ma/2kT) for o > 0, while H = 1mW has pdf given by
P8 = 2w (22) = Z(e1)HBesp(-6/kT) for >0,
Fy(y)=P{V <4y} =P{VW <A} =PW< ;y Fw(¥?). Hence,
() = %Fv(“ﬂ = 2vfw(¥?) = % (221T § < 2kT> ,v > 0. (cf. Theoretical

Exercise 1 of Chapter 5).
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5. The random point (X, ) is uniformly distributed on the shaded region shown in the figures

4
below. Clearly, fx y(u,v) = 3 on this region.
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fx(u) is the area of the cross-section of the pdf surface along the line u. There are two
cases to be considered, as shown in the left-hand figure above. It is obvious almost by

7 0<u<g,
inspection that fa(u) =< 3, 3 <u<l,
0, elsewhere.
1/2 1
1z 9 boyg u? 2u? 7
E[X] = Zd Sdu=— = ==
[]/u3“+/12“3“3 3 2
0 / 0
1/2
1
1/2 9 1 4 23 Ao
E[X2}:/ u2~fdu-|-/ W2y = 2 il = — and hence
o 3 23 9 9 12
1/2
5 7\ 11
X)=EX? - (Ex])?=—=—-|—=) =—.
() =X - € = 15 - () =15
p 0<v<y
By symmetry, fx and fy are the same function: fy(v) =4 3, § <wv <1, and there-
0, elsewhere,

fore ) has the same mean and variance as X.

From the symmetry of the problem, we can write
1 u 1 3 4!
4 2
E[Xy]:Q/ / Uov~fdvdu:2/ Y=L :iandhence
u=1/2 Jv=0 3 1/2 3 3 1/2 16
5 7 2
cov(X,Y) = E[xXY] — E[X]E[Y] = = ——. Alternatively, we have

36°

1/2 1/2 5
E[XY] = //u v - fdvdu—/ / - - fdvdu g—— Easbefore

For 0 < a <1, Fz(a) = P{Z < a} = P{Y <aX} = P{(X,)) lies below line v = au}

4 1 1 1
:3x[2x1xa—2x2xg :%.Ontheotherhandfor1<a<oo
1-Fz(a)= P{Z>a}fP{y>ozX}fP{(X Y) lies above line v = au}
4 J1 11 a—l
=-X X1Ixa & —=-X—-X—
3 2 227" 2 | T 2a
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Hence, fz(a) = 2%, 1< a< oo, Note that the pdf of Z — 1 is
«
0, elsewhere.
%7 I1<a<0,
fz(a+1) = 1 0 < a < co. Whichis the pdf found in Problem 1 of Problem
2(a+1)2’ -7
0, elsewhere.

Set 10 (for the case Iy = 1).

(f) Given that Y = «, the conditional pdf fx|y(u|a) is the cross-section of the pdf surface

(8) fal

at v = « unitized to have area 1.
Thus, for 0 < a < 1/2, fxy(ula) ~ U[1/2,1], while if 1/2 < a < 1, fx)y(ula) ~ U[0,1].

1
w) = / Sy (ula) fy(a) da

e Let u denote a fixed number such that 0 < u < 1/2. Then, for @ such that 0 <

a < 1/2, we have that fx|y(ula) = 0 since the conditional pdf of X is U[1/2,1].
On the other hand, if 1/2 < a < 1, then fyy(u|a) = 1 since the conditional pdf
of X is U[0,1]. Also, fy(a) = % if 1/2 < a < 1. Hence, for u,0 < u < 1/2,

1 1/2 1 A 9
w) :/ Jay(u|a) fy(a) da :/ Oda+/ I1x —da=-<.
0 0 1/2 3 3

e Let u denote a fixed number such that 1/2 < «w < 1. Then, for « such that 0 <

a < 1/2, we have that fx|y(ula) = 2 since the conditional pdf of X is U[1/2,1].
Note that fy(a) = 2. On the other hand, if 1/2 < a <1, then fyy(ula) =1 since

the conditional pdf of X is U[0,1]. Also, fy(a) = 3 if 1/2 < o < 1. Hence, for

1/2 Y4 4

u,1/2 <u <1, fr(u /f;(wu\afy da—/ 2x = da+/ lxgda:§.
1/2

This is the same answer as in part (a).



