University of Illinois Spring 2005
ECE413: Solutions to Problem Set 14

1. Conditioned on X = wu, ) takes on values in (—u,u). Now, from Problem 4 on Problem Set 12, we
know that fx(u) = (1/6)u3 exp(—u) for u > 0. (We do? How and why? Isn’t it bass ackwards?)

Irplu)_ ARG2-wontw) _ 3 [,
fac (u) /6B exp(—w)  du|

Hence, fyx(v|u) = } for —u < v < u.

fx(Vv) + fx (V)] [exp(—v/202) + exp(—v/2a2)]

2. (a) fa2(v) = = ﬁ 8 ﬁ

Rl
= %\/ﬂ \[e p( 222) = %exp(—)\v) where \ = % and T’ (;) = /.
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This is a gamma pdf with parameters | =, — .
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(b) The sum of independent gamma random variables with parameters (¢;, ) is a gamma random
variable with parameters (Y ¢;, A). Hence, W = X% + }? + Z? is a gamma random variable with

301 . Ve (—52), @20

e — o 27T 202/ -7
parameters (27 202) whose pdf is fyy(«) { 0, a < 0.
If 62 = 4, fiy(5) = (1/8)+/5/27m exp(—5/8).

(c) EW] = E[X? + V? + 22| = E[X?] + E[)?] + E[Z2?] = 30? since W is a gamma random variable
(with parameters (3/2,1/202)), and its expected value is the ratio of the parameters, viz. 302

(d) The pdf of H = $mW is fy(8) = (2/m)fw(28/m). Since 02 = 5L we get that the kinetic
energy H has the Maxwell-Boltzmann pdf: fx(3) = %(kT)*%\/Bexp (;;) for 5 > 0.
s

() Fy(y) = P{V < v} = P{W <42} = Fy(72). Hence,

2

() =2vfw(¥?) = % (%)E 72 exp (—ZZYT> for ~v > 0.

() EV] = /Omy-j%(%”})gfexp< 2kT> / \/>m exp(—a)dz = 2@ on

substituting m~?2/2kT = x. Alternatively,

E[V:E\/Wz/oo\/aalg\/?exp( 22 da / rm exp(—z)dx = \/?:2\/;

on substituting a/20% = 2 and remembering that o> %
§ 0<us<y,
3. The marginal pdf of A" has value fx(u) = 3, % <u <1,
0, elsewhere.
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(a) E[X]:/ u-fdu—k/ u--du=—| + —| =—=+4+z—= .
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Alternatively, we know from Problem Set 13 that fxy(ula) is U[1/2,1] or U0, 1] according as
Y <1/20r Y >1/2. The corresponding conditional means are 3/4 and 1/2. Hence,
3

E[X]:ZxP{y<1/2}+%xP{y>1/2}:Zx
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(c)

Alternatively, the conditional variance of X' is 1/48 or 1/12 according as ) < 1/2 or Y > 1/2.
The mean of the conditional varianceis (1/48)x(1/3)+(1/12)x(2/3) = (1/144)+(8/144) = 9/144.
The variance of the conditional mean is (3/4)2(1/3) + (1/2)%(2/3) — (7/12)?

= (3/16) + (1/6) — (49/144) = (27 + 24 — 49)/(144) = 2/144.

The sum of these two quantities is var(X') = 11/144 as before.

Since Y has the same pdf as X, it has the same mean and variance as X.

1/2 ,1/2 1/2 1/2
E[X)] = //uv dudv—/ / uv dudv— /udu/ vdv—f/ udu/ vdv
Y-

3{2 §f§ 8}16 Hence, cov(X,)) = E[XY] —E[X]E[Y] = S8 L

16 144 144 36
=1,E[Y] =4,var(X) =4,var(Y) =9, and px,y =0.1.

E[Z] = E[2(X + V) (X — V)] = 2E[X? — V?] = 2E[X?] — 2E[V?] = 2[4 + 1%] — 2[9 + 42] = —40.
cov(7,U) = cov(2X + V,2X —Y) =4 - cov(X,X) + 2 cov(Y, X) — 2 - cov(X, :))) —cov(Y,))
=4-var(X)+2-cov(X,Y) —2-cov(X,Y) —var(Y) =4 -var(X) —var(Y) =4-4—-9=T7.
EW]=EBX +Y+2]=3E[X]+EY]+2=09.

var(W) = var(3X + Y +2) = 32 -var(X) +var(Y) +2-3-1-cov(X,)) =9-4+9+6-2-3-0.1 = 48.6.

P{W>o}=1—q><f’/%>:1_q>(_\/%):q>(\/4987>.

var(X + ) = var(X) + var(Y) + 2 - cov(X,)) = 36.

var(X — ) = var(X) 4+ var()) — 2 - cov(X,)) = 64. Hence, cov(X,)) = —T.

From the above, 2 - var(X) —|— 2. var(y) = 8-var(Y) = 100, giving var(Y) = 12.5,var(X) = 37.5 and
px.y = cov(X,Y)/\/var(X)var(Y) = —7/12.5V/3.

var(X +)) = var(X) +var(Y) + 2 cov(X,Y) equals var(X — ) = var(X) +var(Y) —2-cov(X,Y)
if and only if cov(X,Y) = 0, that is, if and only if X and ) are uncorrelated.

No, whether var(X) equals var()) or not has no bearing on the question of whether cov(X’,Y) is
Z€ro or not.

6. This problem considers the following situation. A random point in the plane has coordinates (X, Y)
with respect to our chosen axes, and these coordinates are jointly Gaussian random variables. If we
rotate the axes by an angle 6, the coordinates of the same random point with respect to the new azes
are (Z,W). The joint pdf surface is still the same, but the coordinate axes are different, and hence the
mathematical formula expressing the value of the joint pdf is different: in fact, it is a jointly Gaussian
pdf with means, variances, and covariance given by the answers to be found in parts (a) and (b).

Note that E[X] = E[Y] = 0 and hence E[X?] = 0% and E[)?] = o3 while cov[X, Y] = p- 0105.

(a)

E[Z] = E[X cosf + Vsinf] = E[X]cosf + E[Y]sinf = 0.
EW] = E[Y cosf — X' sinf] = 0 also.
Since Z and W are zero-mean random variables, we get
var(Z) = E[2?] = E[X? cos? 0+)? sin® 0+2X Y sin 0 cos 6] = o cos? §+03 sin® 0+2poy 09 sin 6 cos 0,
and
var(W) = EW?] = E[AX? sin? 0+ )2 cos? §—2X Y sin 0 cos 0] = o7 sin? 0+03 cos? —2po 0 sin 0 cos 6.
Since Z and W are zero-mean random variables,
cov(Z, W) =E[ZW] = E[(Xcosf+ Ysinb)(Y cosl — X sinb)]
= E[Y?]sinfcosf — E[X?]sinf cosd + E[XV](cos? O — sin® 0)
= sinfcosf- (02 — 02) + (cos? § — sin?0) - poyoo
1
= 5 sin20 - (03 — 02) + cos 20 - po 0y

Z and W are jointly Gaussian random variables and thus they are independent if cov(Z, W) = 0.

1 2p - 010
We get independent random variables if we choose 6 = 3 arctan <p212) Note that if 6y is a
o7 —o

solution to this equation, then 6y + 7 is also a solution, as are 6y + w/2. That is, there are four
different values of 8 in the range [0,27) that can be used to get independent Gaussian random
variables from X and Y. In particular, if 01 = o9, then 6 can take on values +7/4 and +37/4.



