University of Illinois Spring 2005
ECE413: Solutions to Problem Set 9

1. (a) He sells all H newspapers if the demand X is at least H, that is, X > H. Hence,
P{sells all papers} = P{X > H} = Z px(k)=1—Fy(H )=1—-Fyx(H-1).

k=H
(b) Z_ (Cg—CQ)X+(Cl—CQ)(H—X):(Cg—cl)X—l—(cl—Cg)H ifX§H7
T (3 —e)H if X > H.
Note that the first formula reduces to the second if X = H.
H e’}
(c) E[Z] = [(cs — )X + (c1 — o) Hlpx (k) + Y [(cs — co) Hlpx (k) = g(H).
k=0 k=H+1

(d) The extra paper (over and above the usual H) gives an additional profit of (c3 — ¢q) if X > H
(which occurs with probability 1 — Fy(H), and a loss of (co — ¢;1) if X < H (which occurs with
probability Fxy(H). Hence, he makes an average additional profit of

A(H) = (63 — CQ)(l — F){(H)) — (Cg — Cl)F)((H) = (63 — 02) — (63 — Cl)Fx(H).

(€ - <Fxy(H-1)<Fx(H)<Fx(H+1)<---=--->AH-1)>AH)>AH+1)>---
(f) As H increases and Fy(H) — 1, A(H) — ¢1 — ca < 0, Hence, A(H) < 0 for large values of H.

(g) A(H) < 0if and only if Fxy(H) > (c3 — ¢2)/(c3 — ¢1). Let Hp denote the smallest integer such
that A(Hg) < 0. Then, buying the (Hy + 1)-th paper will reduce the total profit, and thus Hy is
the number of papers that will maximize the average daily profit. Note that if A(Hy) = 0 exactly,
the average additional profit from the (Hy + 1)-th paper is 0: why work harder than you have to?

2. The probability density function is as shown in the leftmost figure below.
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(a) Since the area under the curve is obviously «/2 and should equal 1, we conclude that o = 2.
P{6X? >5X — 1} = P{6X? —5X +1 >0} = P{(3X —1)(2X — 1) > 0}
x> Halx > )+ PUA < 0 < B} =P (x> DU < 1)
=1- P{% <X < %}} Now, P{% <X < %}} is the area under the pdf between % and % as
shown in the middle figure above. This can be calculated as the difference between the areas
of two triangles of base % and % respectively and altitudes % and 1 respectively. Hence, we get
P{6X2>5X—1}:1—P{%§X§%}}:%.

(b) Fx(u) is the area under the pdf curve to the left of the point u. Clearly, Fx(u) = 0 for u < 0. For

0 <wu <1, the area is as shown in the rightmost figure above (difference of two triangles again!),
and we get Fy(u) = 2u —u? For u > 1, Fy(u) = 1 obviously. Putting all these together, we have

0, u < 0,
Fy(u)={ 2u—u? 0<u<l,
1, u > 1.

3. (a) No, if X = 0.68, the gas station cannot satisfy the demand that week. On the other hand, if
X = 0.43 then the gas station can satisfy the demand that week.
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(b) P{demand can be satisfied} = P {X < 2} = / 51—u)tdu=—(1-u)’| = 3
0 0

(c) We want the minimum value of C' such that P{X > C} < 107°. But,
1

1
P{X>C}:/ 51— u)tdu=—(1-u)’ =(1-0)°<107%if C >0.9.
C

c

. (X itx<c,
(d) ymm{x,c}{ C, XSO

(e) The weekly gross profit is $640) and the average weekly gross profit is

c 1
Emmnﬂzi/ 5ﬂ—40ﬂ@@uﬁm+i/ al—ufanmndu::%?[1—(1—cnﬂ.
0 c
As a function of C, this increases from 0 at C' = 0 to 640/6 when C = 1. The average net profit
is $E[(640Y — 20C)] = E[(640))] — 20C = %0 [1 — (1= 0)%] —20C whose maximum can be found
by the usual calculus method to be at C' = 2. Thus, a 500 gallon tank that costs $10 per week
to rent gives an average gross profit of $630/6 and the maximum average net profit of $570/6 per
week. In contrast, a full-sized 1000 gallon tank gives only a slightly larger gross profit of $640/6
per week, but a smaller net profit of $520/6 per week. Of course, there may be intangible losses in
goodwill if the tank is emptied before the week ends. However, the probability of this happening

is onlyg%whenCzl.
In2
1 1 3
1 —u)du| == |1 1—=| =-.
Jr/o exp(—u) u] 2{ +( 2)] 1

(c) cos(mX/2) < 0 if X lies in one of the intervals -- -, (=7,-5),(-3,-1),(1,3),(5,7),--- Hence,

In2 1

(a) P{X¥ <In2} = fa(u )du:§

P{cos(rX/2) <0} = 2i P{ldk+1< X <4k +3} = i(exp(—llk —1) —exp(—4k — 3))
k=0 k=0
= [exp(—1) — exp(— Z exp(—4k) eXpi_l)eXp?ii():g)
~sinh(1) 1 B 1 B
~ sinh(2)  exp(1) +exp(—1)  2cosh(1) 0.324....
@)Hﬂ:EWﬂ:Afﬁ§m LED? =EXY = /+ﬁ;m_5

(c) U takes on integer values > 1. V = sin(nld/2) = 0 if U is even. On the other hand, if U = 4k + 1,
then V = +1 while if Y = 4k — 1, nV——l We get
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Zsm(wk/2)<2> 7§,§+372,...7§[1,x+x -] wherexfiéE[V]fg.
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(a) E[R]= | wu- 2udu— 3 U 2udu = (TR E[A] = | 4mu”-2udu = 27. The average
0 0

sphere does not have average volume or average surface area. More generally, E[g(X)] # g(E[X]).
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(b) For 0 < u < 1, u™ > u"!. Hence, / u" - fr(u)du =E[R"] > / u™ e f(u) du = E[R™ ).
0 0



