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ECE 413: Solutions to Problem Set 9

1. (a) He sells all H newspapers if the demand X is at least H, that is, X ≥ H. Hence,

P{sells all papers} = P{X ≥ H} =
∞∑

k=H

pX (k) = 1− FX (H−) = 1− FX (H − 1).

(b) Z =
{

(c3 − c2)X + (c1 − c2)(H −X ) = (c3 − c1)X + (c1 − c2)H if X ≤ H,
(c3 − c2)H if X ≥ H.

Note that the first formula reduces to the second if X = H.

(c) E[Z] =
H∑

k=0

[(c3 − c1)X + (c1 − c2)H]pX (k) +
∞∑

k=H+1

[(c3 − c2)H]pX (k) = g(H).

(d) The extra paper (over and above the usual H) gives an additional profit of (c3 − c2) if X > H
(which occurs with probability 1 − FX (H), and a loss of (c2 − c1) if X ≤ H (which occurs with
probability FX (H). Hence, he makes an average additional profit of

A(H) = (c3 − c2)(1− FX (H))− (c2 − c1)FX (H) = (c3 − c2)− (c3 − c1)FX (H).

(e) · · · ≤ FX (H − 1) ≤ FX (H) ≤ FX (H + 1) ≤ · · · ⇒ · · · ≥ A(H − 1) ≥ A(H) ≥ A(H + 1) ≥ · · ·
(f) As H increases and FX (H) → 1, A(H) → c1 − c2 < 0, Hence, A(H) < 0 for large values of H.
(g) A(H) ≤ 0 if and only if FX (H) ≥ (c3 − c2)/(c3 − c1). Let H0 denote the smallest integer such

that A(H0) ≤ 0. Then, buying the (H0 + 1)-th paper will reduce the total profit, and thus H0 is
the number of papers that will maximize the average daily profit. Note that if A(H0) = 0 exactly,
the average additional profit from the (H0 +1)-th paper is 0: why work harder than you have to?

2. The probability density function is as shown in the leftmost figure below.

University Problem Set #8: Solutions ECE 313
of I l l inois Page 2 of  2 Spring 2003

(f) Although ∫
0

3
 (2/3)(u–1)du = (1/3)(u–1)2



3

 
0

= 1, this is not a valid pdf because the function is negative for

u ∈ (0,1).  Also, since the function is positive for u ∈ (1,3), Cf(u) cannot be a valid pdf for any C.

(g)  Since ∫
0

∞
 exp(–2u)du = 1/2, this is not a valid pdf.  However, 2 exp(–2u), u ∈ (0,∞) is a valid pdf; it is the

exponential density with parameter 2.

(h) Although ∫
0

∞
 4exp(–2u) – exp(–u)du = 2 – 1 = 1, this is not a valid pdf because the function is negative for

u > ln 4.  Since the function is positive for u < ln 4, Cf(u) cannot be a valid pdf for any C.

5 . (Look, Ma!  No integration!)  The pdf is as shown below,
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The total area under the curve is (1/2)×α×1 = α/2 which gives α = 2.
(a) P{6X2 > 5X  – 1} = P{6X2 – 5X  + 1 > 0} = P{(3X  – 1)(2X  – 1) > 0}

= P[({X  > 1/3} ∩ {X  > 1/2}) ∪ ({X  < 1/3} ∩ {X  < 1/2})] = P[{X  > 1/2} ∪ {X  < 1/3}]
= 1 – P[1/3 ≤ X  ≤ 1/2].  Now, P[1/3 ≤ X  ≤ 1/2] = area under the pdf from 1/3 to 1/2.
This is the difference of two triangular areas and is thus (1/2)×[(4/3)×(2/3) – 1×(1/2)] = 7/36.
Hence, P{6X2 > 5X  – 1} = = 1 – P[1/3 ≤ X  ≤ 1/2] = 1 – 7/36 = 29/36.

(b) FX(u) is the area under the pdf upto the point u.  By inspection, we have that FX(u) = 0 if u < 0 and
FX(u) = 1 if u > 1.  For 0 ≤ u ≤ 1, FX(u) is the area shaded in the right–hand figure above
= 1 – (1/2)×(1–u)×(2–2u) = 1 – (1–u)2 = 2u – u2.

6.(a) No, the tank is empty after 500 gallons have been sold, and towards the end of the week, the people asking
for the extra 180 gallons are s.o.l.

(b) Sure, with 70 gallons to spare.
(c) The weekly demand can be satisfied if it (the demand) does not exceed 0.5.  Thus,

P{X  ≤ 0.5} = 
⌡
⌠

0

0.5

5(1 – u)4du = –(1 – u)5

0.5

 
0

 = 1 – ( )1
2

5
 = 31

32

(d) We want the smallest value of C such that P{X  > C} ≤ 10–5.  But,

P{X  > C} = ∫
C

1

5(1 – u)4du = –(1 – u)5

1

 
C

 = (1 – C)5 ≤ 10–5 if C ≥ 0.9.  Thus, a 900 gallon tank is

required to achieve the desired goal.

(a) Since the area under the curve is obviously α/2 and should equal 1, we conclude that α = 2.
P{6X 2 > 5X − 1} = P{6X 2 − 5X + 1 > 0} = P{(3X − 1)(2X − 1) > 0}
= P

{
{X > 1

3} ∩ {X > 1
2}

}
+ P

{
{X < 1

3} ∩ {X < 1
2}

}
= P

{
{X > 1

2} ∪ {X < 1
3}

}
= 1 − P

{
1
3 ≤ X ≤ 1

2}
}
. Now, P

{
1
3 ≤ X ≤ 1

2}
}

is the area under the pdf between 1
3 and 1

2 as
shown in the middle figure above. This can be calculated as the difference between the areas
of two triangles of base 2

3 and 1
2 respectively and altitudes 4

3 and 1 respectively. Hence, we get
P{6X 2 > 5X − 1} = 1− P

{
1
3 ≤ X ≤ 1

2}
}

= 29
36 .

(b) FX (u) is the area under the pdf curve to the left of the point u. Clearly, FX (u) = 0 for u < 0. For
0 ≤ u ≤ 1, the area is as shown in the rightmost figure above (difference of two triangles again!),
and we get FX (u) = 2u− u2 For u ≥ 1, FX (u) = 1 obviously. Putting all these together, we have

FX (u) =

 0, u < 0,
2u− u2, 0 ≤ u ≤ 1,
1, u > 1.

3. (a) No, if X = 0.68, the gas station cannot satisfy the demand that week. On the other hand, if
X = 0.43 then the gas station can satisfy the demand that week.



(b) P{demand can be satisfied} = P

{
X ≤ 1

2

}
=

∫ 0.5

0

5(1− u)4 du = −(1− u)5
∣∣∣∣0.5

0

=
31
32

.

(c) We want the minimum value of C such that P{X > C} ≤ 10−5. But,

P{X > C} =
∫ 1

C

5(1− u)4 du = −(1− u)5
∣∣∣∣1
C

= (1− C)5 ≤ 10−5 if C ≥ 0.9.

(d) Y = min{X , C} =
{
X , if X ≤ C,
C, if X > C.

.

(e) The weekly gross profit is $640Y and the average weekly gross profit is

E[640Y] =
∫ C

0

5(1− u)4(640u) du +
∫ 1

C

5(1− u)4(640C) du =
640
6

[
1− (1− C)6

]
.

As a function of C, this increases from 0 at C = 0 to 640/6 when C = 1. The average net profit
is $E[(640Y − 20C)] = E[(640Y]− 20C = 640

6

[
1− (1− C)6

]
− 20C whose maximum can be found

by the usual calculus method to be at C = 1
2 . Thus, a 500 gallon tank that costs $10 per week

to rent gives an average gross profit of $630/6 and the maximum average net profit of $570/6 per
week. In contrast, a full-sized 1000 gallon tank gives only a slightly larger gross profit of $640/6
per week, but a smaller net profit of $520/6 per week. Of course, there may be intangible losses in
goodwill if the tank is emptied before the week ends. However, the probability of this happening
is only 1

32 when C = 1
2 .

4. (a) P{X ≤ ln 2} =
∫ ln 2

−∞
fX (u) du =

1
2

[
1 +

∫ ln 2

0

exp(−u) du

]
=

1
2

[
1 +

(
1− 1

2

)]
=

3
4
.

(b) P {{|X | ≤ ln 2}|{X ≤ ln 2}} =
P {{|X | ≤ ln 2} ∩ {X ≤ ln 2}}

P{X ≤ ln 2}
=

P{|X | ≤ ln 2}
3/4

=
1/2
3/4

=
2
3
.

(c) cos(πX/2) < 0 if X lies in one of the intervals · · · , (−7,−5), (−3,−1), (1, 3), (5, 7), · · · Hence,

P{cos(πX/2) < 0} = 2
∞∑

k=0

P{4k + 1 < X < 4k + 3} =
∞∑

k=0

(exp(−4k − 1)− exp(−4k − 3))

= [exp(−1)− exp(−3)]
∞∑

k=0

exp(−4k) =
exp(−1)− exp(−3)

1− exp(−4)

=
sinh(1)
sinh(2)

=
1

exp(1) + exp(−1)
=

1
2 cosh(1)

= 0.324 . . . .

5. (a) E[Y] = E[X 2] =
∫ +1

−1

u2 1
2du = 1

3 . E[Y2] = E[X 4] =
∫ +1

−1

u4 1
2
du =

1
5
.

Hence, var(Y) = E[Y2]− (E[Y])2 = 1
5 −

1
9 = 4

45 .

(b) E[Z] = E[g(X )] =
∫ 0

−1

− u2 1
2 +

∫ +1

0

u2 1
2du = −1

6
+

1
6

= 0.

(c) U takes on integer values ≥ 1. V = sin(πU/2) = 0 if U is even. On the other hand, if U = 4k + 1,
then V = +1 while if U = 4k − 1, then V = −1. We get

E[V] =
∞∑

k=1

sin(πk/2)
(

1
2

)k

=
1
2
− 1

8
+

1
32
− · · · = 1

2
[
1− x + x2 − · · ·

]
where x =

1
4
⇒ E[V] =

2
5
.

6. (a) E[R] =
∫ 1

0

u ·2u du =
2
3
. E[V] =

∫ 1

0

4π

3
u3 ·2u du =

8π

15
. E[A] =

∫ 1

0

4πu2 ·2u du = 2π. The average

sphere does not have average volume or average surface area. More generally, E[g(X )] 6= g(E[X ]).

(b) For 0 < u < 1, un > un+1. Hence,
∫ 1

0

un · fR(u) du = E[Rn] >

∫ 1

0

un+1 · f(u) du = E[Rn+1].


