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ECE 413: Solutions to Problem Set 5

1. (a) At least two boxes of Cornies must be bought.

(b) For k ≥ 2, P{X = k} = P (LLL · · ·LD) + P (DDD · · ·DL) =
(

1
3

) (
2
3

)k−1

+
(
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3

) (
1
3

)k−1

.

E[X ] =
∞∑

k=2

k ·

[(
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3

) (
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3

)k−1

+
(
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) (
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)k−1
]

=
∞∑

k=1

k ·

[(
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3

) (
2
3

)k−1

+
(

2
3

) (
1
3

)k−1
]
− 1

3
− 2

3

=
3
1

+
3
2
− 1 = 3

1
2
.

It is instructive to do this problem via conditional pmfs. Conditioned on the first box being an L,
the conditional pmf of X is that of 1 +Y where Y is a geometric random variable with parameter
1
3 and mean 3. Conditioned on the first box being a D, the conditional pmf of X is that of 1 +Z
where Z is a geometric random variable with parameter 2

3 and mean 1.5. Thus, for k ≥ 2,

P{X = k} = P{X = k | first is L}P (L) + P{X = k | first is D}P (D)

= P{Y = k − 1}
(

2
3

)
+ P{Z = k − 1}

(
1
3

)
=

(
1
3

) (
2
3

)k−2 (
2
3

)
+

(
2
3

) (
1
3

)k−2 (
1
3

)
=

(
1
3

) (
2
3

)k−1

+
(

2
3

) (
1
3

)k−1

as before. Similarly,

E[X ] = E[X | first is L]P (L) + E[X | first is D]P (D) = (1 + 3)
(

2
3

)
+ (1 + 1.5)

(
1
3

)
= 3

1
2
.

(c) Now, Mrs Kirk buys W ≥ 4 boxes of Cornies. Consider the contents of the first two boxes.

• If the first two boxes have given Jimmy one H and one B (this has probability 4
9 ), then in

effect he has been transported back in time to the previous year since he now just has to
collect one H and one B. Thus, conditioned on the first two boxes having an H and a B,
W = 2 + X where X was discussed in parts (a) and (b).

• If the first two boxes give Jimmy two H’s (probability 4
9 ) or two B’s (probability 1

9 ), then
he has to wait for two B’s (or two H’s) to occur. Conditioned on this event HH (or BB),
W = 2+V where V is a negative binomial random variable with parameters (2, 1

3 ) (or (2, 2
3 )).

Hence, for k ≥ 4, P{W = k} = P{X = k − 2}4
9

+ P{V = k − 2}4
9

+ P{V = k − 2}1
9

=

[(
1
3

) (
2
3

)k−3

+
(

2
3

) (
1
3

)k−3
]

4
9

+

[
(k − 3)

(
1
3

)2 (
2
3

)k−4
]

4
9

+

[
(k − 3)

(
2
3

)2 (
1
3

)k−4
]

1
9

which simplifies to P{W = k} =
(2k−2 + 4)(k − 1)

3k
. Computing E[W] from this result is messy.

It is much easier to compute E[W] from the conditional expectations E[W|HH],E[W|BB] etc. as

E[W] = 2 +
(

3
1
2

)
4
9

+
(

2
1/3

)
4
9

+
(

2
2/3

)
1
9

= 6
5
9
.

2. (a) Assuming that the CRC detects all errors (which is not strictly true), the probability that the
CRC indicates no error in a received packet is just (1− p)N , the probability that all N bits were
received correctly.



(b) P{packet lost} = P{packet in error 5 times} = (1 − (1 − p)N )5 and hence P{packet is received
successfully} = 1−(1−(1−p)N )5 = 5(1−p)N −10(1−p)2N +10(1−p)3N −5(1−p)4N +(1−p)5N .

(c) Let Q = (1 − p)N . Then, P{Xi = 1} = Q. P{Xi = 2} = [1 − Q]Q. P{Xi = 3} = [1 − Q]2Q.
P{Xi = 4} = [1 − Q]3Q. P{Xi = 5} = [1 − Q]4. Note that the first four values are those
corresponding to a geometric random variable with parameter Q, while the last is the probability
that this random variable has value 5 or more..

E[Xi] = Q + 2[1−Q]Q + 3[1−Q]2Q + 4[1−Q]3Q + 5[1−Q]4

= 1 + [1−Q] + [1−Q]2 + [1−Q]3 + [1−Q]4

=
1− [1−Q]5

1− [1−Q]
= 5− 10Q + 10Q2 − 5Q3 + Q4.

Verify that the sum telescopes from the right to the value shown.
(d) P{none of the L packets are lost} = (1− (1− (Q)5)L.

3. (a) P (A|Bc) = 1−P (Ac|Bc) = 0.6. P (A) = P (A|B)P (B) + P (A|Bc)P (Bc) = 0.3× 0.7 + 0.6× 0.3 =
0.39. P (B|A) = P (A|B)P (B)/P (A) = 0.3× 0.7/0.39 = 7/13.

(b) P (E ∩ F ) = P (F |E)P (E) =
1
2
× 1

4
=

1
8

and P (E|F ) =
P (E ∩ F )

P (F )
=

1/8
P (F )

=
1
3
⇒ P (F ) =

3
8
.

(c) P (G ∪ H) = P (G) + P (H) − P (G ∩ H) =
4
3
− P (G ∩ H) ≤ 1 from which we deduce that

P (G ∩H) ≥ 1
3

and hence P (G|H) =
P (G ∩H)

P (H)
≥ 1/3

2/3
=

1
2
.

4. (a) Note that each row of the matrix (call it A) is just the conditional pmf of Y conditioned on
the value of X . Let ~PX = [0.5, 0.25, 0.25] be the pmf vector for X . Then, ~PY = ~PXA. More
specifically,

P{Y = j} =
3∑

i=1

P{Y = j|X = i}P{X = i} =

 0.8× 0.5 + 0.05× 0.25 + 0.15× 0.25 = 0.45 for j = 1
0.1× 0.5 + 0.9× 0.25 + 0.05× 0.25 = 0.2875 for j = 2
0.1× 0.5 + 0.05× 0.25 + 0.8× 0.25 = 0.2625 for j = 3

Sanity check: the three probabilities sum to 1.

(b) P{X = i|Y = 3} =
P{Y = 3|X = i}P{X = i}

P{Y = 3}
=


0.1×0.5
0.2625 = 4

21 for i = 1,
0.05×0.25

0.2625 = 1
21 for i = 2,

0.8×0.25
0.2625 = 16

21 for i = 3.
This is the conditional pmf of X given that Y was observed to have value 3. Note that the sum
of the three probabilities is 1, as it should be for a valid pmf.

5. (a) This is sampling with replacement and we have that P (R1) = P (R2) = r
r+g .

(b) P (R2) = P (R2|R1)P (R1) + P (R2|Rc
1)P (Rc

1) =
r + c

r + c + g
× r

r + g
+

r

r + c + g
× g

r + g
=

r

r + g
just as before, and independent of the value of c!!

(c) P{r + c red balls|R2} =
P (R1 ∩R2)

P (R2)
=

P (R2|R1)P (R1)
P (R2)

= P (R2|R1) =
r + c

r + c + g

6. If the connecting flight is on time, everyone who shows up gets to board only if at most 85 of the
90 Chicagoans show up. If the connecting flight is late, all of the Chicagoans who show up can be
accommodated.

(a) Hence, P{A|T} = P{Z ≤ 85} = 1−
90∑

k=86

(
90
k

)
(0.9)k(0.1)90−k = 0.95345 . . . and P{A|T c} = 1.

(b) P{X ≤ 100} = P (A) = P{A|T}P (T ) + P{A|T c}P (T c) = 0.95345× 2
3

+ 1× 1
3

= 0.968966 . . ..

(c) P (T |X ≤ 100) =
P{X ≤ 100|T )P (T )

P{X ≤ 100}
=

0.95345× 2/3
0.968966

= 0.65599 . . .


