University of Illinois Spring 2005
ECE413: Solutions to the Final Examination

1. (a) A and B are two events such that 0 < P(A) <1 and 0 < P(B) < 1.
TRUE P(AUB) > max{P(A),P(B)}
FALSE P(A n B) > min{P(A), P(B)} (P(ANB) < ... not>...)
FALSE P(A|B) + P(A|B°) = 1.
TRUE P(A|B)P(B) + P(A%|B*)P(B) = 1 — P(A® B).
FALSE (A|B) ( ) + P(A°|B) ( ) = P( ) (true if RHS were P(B))
TRUE It P(A) = P(B), then P(A|B) = P(B|A).
FALSE If P(A|B) (B‘A), then P(A) = P(B) Conclusion does not hold if P(A|B) = P(B|A) = 0.
TRUE If P(A|B) = P(A), then P(B¢|A) =1 — P(B). 4 and B arc independent ovents

(b) X and Y are random variables such that var(X) = var(Y) = 02 < oco.
var(2X + 3Y +4) = 40? + 902 + 12 - cov(X,Y) = var(3X —2Y + 1) = 902 + 40? — 12 - cov(X, )
implies that cov(X,)) = 0.
TRUE X and ) are uncorrelated random variables.
FALSE X and Y are independent random variables.
TRUE var(2X +3)Y +4) =var(2X —3Y +1).
TRUE cov(X +Y,X -Y) =0.

2. (a) Let A, denote the event that the mailman is not bitten on the n-th day. Then,
{X=n}=A4A°NA,_1NA,_2N---NA; and {X¥ >n} =A,NA,_1NA,_2N---NA;. We are given
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that P{AS|An—1NA,_2N--N A1}1: 1 and hence P{A,|A,—-1NA,_oN---NA} = 1
Note also that P{A;} = P{A{} = 3 Therefore,
P{X¥X>n} = P{A,NA,_1NA,_2N---NA}
= P{A,|An_1 N NAP{A_1|An_—2onN---NA}-- P{As| A1} P{A}
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(b) E Z n-P{X =n} = nzl ECESI I Z i E from the fact that the harmonic
series dlverges Alternatively, smce X takes on p051tlve integer values, we have from Problem 4(a)
= 1
f Problem Set 8 that E[X] = P{X >n}= =
of Problem Se a[]Z{ n}§n+1

3. The component lifetimes are exponential random variables with parameter A\. Thus, the probability
that a component fails before time T is 1 — exp(—AT). Since the failures are independent, we have
that P{X < T} = [1 — exp(—=AT)]3 while P{X > T} = 3 - exp(=AT) — 3 - exp(—2AT) + exp(—3AT).
We can thus write
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4. For —1 < u < 1, the likelihood ratio is A = =2 —2|ul.
() = fo(w) 1/2 [

(a) When X = u is the observation, the mazimum-likelihood decision rule decides in favor of H; if
A(u)>1.Hence Ty ={u : |u<i}andTo={u : I <|ul <1}.

1

i 1 2
(b) Puy = Flfo(u)du/ Sdu= 5. Pup = fl(u)du:2[ (1u)du2(u“2>
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(c) When X = u is the observation, the MAP decision rule decides in favor of Hy if A(u) > /7.
Hence, I'1 = {u : |u| <3} and Tg = {u : 2 <|u| <1} for the MAP decision rule. We get
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P, = fo(u)du:/6 fdu:i Pyp = fl(u)du:2/ (I1—u)du=2 (u—u>
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Hence, PSZWO-PFA—Fm-PMD:ix%—i—%x%:%—l—%:%.

(d) The MAP decision rule compares the likelihood ratio A(u) = 2 — 2|u| and decides in favor of
Ho if A(u) < mo/m1. Since A(u) takes on values in (0,2], it will never exceed 7o /m if o > 2.
Thus, the MAP decision rule always decides in favor of Hg if m9 > 2/3, and achieves average error
probability P, = m; < 1/3.

On the other hand, there is no value of my,0 < mg < 1 for which the MAP rule always decide in
favor of Hy, because no matter how large 7 is, the ratio mo/m; > 0. Thus, for some values of X,
the likelihood ratio will be smaller than the threshold, and the decision will be in favor of Hy.
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5. (a) The inter-arrival time in a Poisson process with arrival rate A (time between two successive chalk
breaks on this instance) is an exponential random variable with parameter A. Hence, the average
length of time between successive chalk-breaks is the mean of this exponential random variable,
which is A~! = 10 minutes.

(b) The number of times that the professor breaks the chalk during a 50 minute lecture is a Poisson
random variable N (0, 50] with parameter A X 50 = 5 and mean value E[N(0,50]] = 5.
6
(¢) From part (b), we get that P{N(0,50] = 6} = %exp(—5). Now, for 0 < k < 6,

P{{N(0,25] = k} N {N(0,50] = 61}
P{N(0,50] = 6}}

P{{N(0,25] = k} Nn{N(25,50] =6 — k}}
P{N(0,50] = 6}}

P{N(0,25] = k}P{N(25,50] = 6 — k}}

P{N(0,50] = 6}}

(Q}jﬁ exp(—2.5) x (?G?Z;,k exp(—2.5)

& exp(—5)

- MGG

Thus, the conditional pmf of N (0, 25] given that {N(0,50] = 6} is a binomial pmf with parameters
(6,1/2) and hence the expected value is 3.

P{{N(0,25] = k} [{N(0,50] = 6}} =

1
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6. (a) fX(u):[ fxyy(u,v)dv:/o utvdv = uv+%

0
otherwise.
(b) It is obvious from the symmetry of the problem that fy(v) = v+ 0.5 for 0 < v < 1. We readily
see that fr y(u,v) # fx(u)fy(v) and hence X and ) are dependent random variables
1 fry(G.v) f+v 2 6
(c)f;((v)z ; =3 =—+-vfor0O<wv<1,and fyy (v

7. The impulse response is a damped oscillation if the roots of s? + As + B are complex numbers, that
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is, if A2 < 4B. WehaveP{A2<4B}:/ / 1dvdu:/ 1- L qu=u-L| =,
u=0 Jov=u?/4 0 12
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3) = 0 otherwise.
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8. Z =Y — X takes on values in (0,1). We readily find that for 0 < o < 1,
1-Fz(a)=P{Z>a}=P{Y-X>a}=P{Y>X+a}=2x((1-a)?/2)=(1-a)
Differentiating, we get fz(a) =2(1 — «a) for 0 < a < 1, and fz(«) = 0 otherwise.



