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Assigned:  Wednesday, April 30

Due: Wednesday, May 7

Reading: Y ates and Goodman: Chapters 5, 7 and 9.4-9.6

Problems:

1. Let F i (w) denote the characteristic function of arandom variable X .

(a)  Whatisthevaueof Fy(0)?Doesit matter whether X is discrete or continuous?

(b)  Assumethat F y (W) isdifferentiable at w = 0. What is the value of %FX(W) aw=0?

(c)  What isthe characteristic function of a Cauchy random variable? [Hint: the answer can be
found in the inside front cover of the Kudeki-Munson Lecture Notes for ECE 210] Why can’t the
method of part (b) be used to compute the mean of a Cauchy random variable?

2. The random point (X,Y) isuniformly distributed on the shaded region shown below.
(a)  Findthe marginal pdf fy (u) of the random variable X .

(b)  Writedown the marginal pdf fy (v) of the random variable Y from your answer to part (b).
(¢) FndP{X <Y <2X}.

(d)  What istlY(u|a), the conditional pdf of X giventhat Y = a, if a satisfiesO < a < 1/2?
What istlY(u|a), the conditional pdf of X giventhat Y = a, if a satisfies1/2<a < 1?
Now, apply the theorem of total probability to compute the unconditional pdf of X from
fX|Y(u|a). Do you get the same answer asin part (a)?
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3. LetE[X]=1,E[Y]=4,var(X)=4,var(Y)=9,andr, =01

(@) HZ=2(X+Y)(X-Y),whatisE[Z]?

(b) IfT=2X+Y andU =2X-Y,whatiscov(T, U)?

(©) If W=3X +Y + 2, find E[W] and var(W).

(d) IfX andY arejointly Gaussian random variables, and W is as defined in (¢), what is
P{W >0} ?

4. This problem has three independent parts. Do not apply the numbers from one part to the
others.

(@) Ifvar(X +Y)=36andvar(X —Y) =64, whatiscov(X, Y) ? If you are also told that
var(X) = 3evar(Y), whatisry y ?

(b) Ifva(X +Y)=va(X —Y),areX and Y uncorrelated ?

(©) If var(X) =var(Y),are X and Y uncorrelated ?

5. Consider the random point (X,Y) of Problem 2 above.
(a) Compute E[X] and var(X).
(b)  Explainwhy the random variable Y has the same mean and variance as X .
(¢)  Compute E[X Y] and hence find cov(X,Y).
should hold. 1s the above equation satisfied by the numerical values you obtained?
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(d)  Theconditional pdf of X givenY = a was obtained in Problem 2 above, and it iseasy to
see that the conditiona pdf of Y given X =a issimilar. Now, the best (least mean-square
error) estimate of Y given X = a isthe mean of the conditional pdf of Y givenX =a.
Thus, if X hasvaluea £ 0.5, then Q the best estimate of Y, is0.75 while if X hasvalue
a > 0.5, then ¢ =05 Now, the best linear (least mean-square error) estimate of Y
(giventhat X isknown to havevaluea) isY = a+ ba whereaand b are givenin Theorem
9.11 of Y&G. Compute aand b, and draw a graph showing the esti mates ¥ and ¥ as

functionsof a. (Rememberthat O£ a £ 1). For what value(s) of a are the two estimates
the same?

(e)  Sincethe estimates ¢ and¥ depend on the value of X, they really are functions of X, that

is, they are random variables that can be expressed asV = 8;5 8£5 i(f gi

Y =a+DbX. What arethe average and the mean-square errors of each estimate? That is,
what are the values of E[(Y - Y)], E[(Y = Y)], E[(Y —Y)?], and E[(Y - Y)?3]?



