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Thereare ( ) M = 20 short lists of which ( ) —— = 10 include Chuck, and thus Chuck has

probability 10/20 = 1/2 of being on the short list. By Q/mmetry, everyone has probability 1/2 of being on
the short list.

Thereisonly one short list { Andy, Chuck, Eddie} that has no women on it. Hence, the probability is
19/20 that there is at least one woman on the short list.

Chuck is selected as monarch with conditional probability 1/3 if he is on one of the three short lists that
include him and two of Andy, Eddie and Fergie, and he is selected as monarch with probability 1/2 if heis
on of the three short lists that include him and Di and one of Andy, Eddie and Fergie. Hence from the
theorem of total probability we get that P{ Chuck selected as monarch} = é 230 + % % g More directly,
since Beth is on the short list with probability 1/2, sheis selected as monarch with probability 1/2 also.
By symmetry, the other 4 nonDians are equally likely to be selected if Beth is not, and thus are selected
with probability 1/8 each.

P{ Di on list | Chuck selected} = P{ Chuck selected and Di on list}

P{ Chuck selected}
_P{Chuck selected | C, D and oneof A, E, Fon list} P{C, D and one of A, E, F on list}
- P{ Chuck selected}
_(W2)(3/20)_3
T (Vs 5

The other two women must be Di and Fergie (not Beth, since Chuck was selected), and hence from part (d)
we get that P{two women on list | Chuck selected} = 1/5.

P{HHH} = P{TTT} = 1/8. Thus, adecision is made with probability 3/4 and re-tossing is required with
probability 1/4. The number of rounds X is thus a geometric random variable with parameter p = 3/4.
Note (from symmetry) that Groucho, Chico and Harpo have equal probability 1/3 of winning the game.
P{at least 3 roundsrequired} = P{X > 2} = g2 = (1/4)? = 1/16.

; - _bqg _q_ 14 _1
P{X iseven} = pq+ pgE +pag° + ... = 1q2 T 1+q " 1+ 5
. _P[X>2and Xiseven} _pg®+pg®+ .. _1/5-3/16 _, 15_ 1
P{X >2| X iseven} = P(X is even} = 1/5 = 175 _1_16_16'
Now the outcomes are {HHH, THH, HHT, THT} so that adecision is still made with probability 3/4 and
re-tossing is required with probability 1/4. Each player till has the same probability 1/3 of winning.
Now the outcomes are {HHT, THT} so that either Chico or Harpo wins (with probability 1/2) on the very
first round. So, Harpo actually helps Chico by his strategy. Note that if Harpo had also substituted a two-
headed coin, then Groucho wins with probability 1, though not necessarily on the first round!

Since the area under the pdf must be 1, wereadily get thata+ b = 2.

The variance is ameasure of the spread of the mass, and therefore is smallest when eithera=0andb =2 or
whena=2andb=0. Ineither case, the pdf isauniform density on an interval of length 1/2, and hence
the minimum varianceiis (1/2)2/12 = 1/48.

1/2
More analytically, (‘pdu:% and ojdu—gfromwhwhwegetthat E[X] = a+ 3b_3 = a

0 1/2

1/2 1 .
Similarly, 0‘2 du —* and Qu2du= fromwhlchweget that E[X2] =2 +47 ’ 123‘""
1/2
_ 2 3

Hence, var(X)—E[XZ] —(EIX]R=" 123a—9 61%+ as 1+ 32 32°  psafunction of a, this

guadratic has minimum value 1/48 on theinterval [0, 2] , and the minimum value occursat a= 0 and a= 2.
Those who set the derivative to 0 and got the extremum at a= 1 actually found the maximum variance
1/12, not the minimum variance! The second derivative test, if tried, would have revealed the error.
Fx(@4)=2+0=222

a 5 . 1 a+
=g Wereadily get a=7 and hence Fy (3/4) ==, — =

®lo

If E[X] == 2
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4.(a) Y =exp(X) takeson valuesintherange (1,¥) asX varies between (0¥).

Forv>1, Fy(v)=P{Y £v} =P{exp(X) £v} =P{X £Inv} =1—-exp(- (InVv)) = 1-v~'. Notel >0.

vt -1 v,

Hence, fy (v) —|0 VEL

5.(a) P{X2+Y2<1} =P{(X,Y)T shaded region shown in left-hand figure below} = [E - 1] A_p=1l
(b) Z =X +Y takes on values between 1/2 and 2.
where marked

H
RN

(c) Forl/2£a £1,F,(a)=PZ £ a} = P{(X, Y) 1 shaded reglon shown in third figure above}

N 1\2] 4_4a%?-4a + 1 _8a -4
= [(a—z) ]3—73 p f,(a)= 3 for1/2£ a £ 1.

Forlf£a£2 F,(a)=P{Z £ a} =P{(X, Y)1 shaded region shown in right-hand figure above}

1 21 4 8 — 8a + 2a?
= 1—5[(2 ~ a) ]521—73b f (a)—

The pdf of Z isthus as shown on the figure on the second row.
(d) The pdf is clearly nonnegative and the area under the pdf is easily found to be 1.

Cross-sections

f0r1£a£2

6. The joint pdf has value 4/p on the quadrant of the unit disc. Changing to polar coordinates simplifies the
integrals in this problem.
1 p/2 1
(a) E[X]=0 ouf(uv)dudv= ¢ ¢rcosq(4/p)rdqdr= or (4/p) rdr =4/3p.
r=0 g=0 r=
1 p/2

(b) Using the hint, E[X2+Y2] = & & (W8 + v2)f(uv) dudv= ¢ ¢ r2 (cos? q+ sin? q)(4/p) rdgdr

r=0g=0

[En

= @ 2r3dr =1/2. But, from symmetry, E[X 2] = E[Y 2] and hence both have value 1/4. Otherwise, we
r=0
1 p/l2
have E[X2] = ¢ o u2f(uv)dudv= ¢ ¢ r2cos?q(4/p)rdqdr. Integrating cos? q by parts (two
r=0 g=0
i p/2
integrations by parts are needed!) gives[g/2 + (1/4)esin 2q = p/4, and thus E[X 2] = 1/4. Either way,
0

a2 5_1 16 _9p2-64
we get var(X) = E[X 4] — (E[X])* = 4 9p2 3p2
(c) E[XY]= o guvf(uv)dudv= ¢ ¢ r2cosqsingq(4/p)rdqdr= or3 sin? q: (2/p)dr =1/2p.
r=i 0q=0 r=0
Hence, cov(X, Y) = E[XY] —E[X]E[Y] = 21p 9p2 J%<O. Thisis quite reasonable: after al,
the linear MM SE estimator ought to be estimating small valuesfor Y if X islarge, and large valuesfor Y
if X issmall, which means the slope of the line must be negative.
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7. Thejoint pdf has value 2/3 on the region shown in the left-hand figure below.

<>

213
1 N2 w2 D~ 2X

Problem 7: joint pdf Problem 7: pdf of X MM SE estimator
(a) fy(u), the value of the marginal pdf of X at u, equals the cross-sectional area of the pdf surface at u. Hence,
we get that f, (u) has constant value 2/3 for 0 < u < 1, and decreasesto 0 as u increases from 1 to 2, as
showb in the middle figure above. More formally,

23 forO<u<1,
fy(U) = [ (Z3)+(2-v) forl£u<2, Itiseasily verified that the area under the pdf is 1.
10 otherwise.

(b) The MMSE estimator for Y given X isthe mean of the conditional pdf of Y given thevalue of X. Also,
the conditional pdf issimply the cross-section of thejoint pdf surface “normalized” to have area 1.
Itiseasily seen that if X = awhere 0 < a< 1, then the conditiona pdf of Y isuniform on (1-a, 2—a) and
hence has mean (3/2) —awhich variesfrom 3/2ata=0to /2 at a=1, whileif 1 £ a< 2, then the
conditional pdf of Y isuniform on (0, 2—a) and thus has mean 1 —a/2 which variesfrom 1/2ata=1to0
at a= 2. Thus, the MM SE estimator ¥ is(32-X if0<X <1l,and1-X/2if 1£ X <2, asillustrated

in the right-hand figure above. Note that the function is piecewiselinear, and thusis different from the
linear MM SE estimator.



