University Set #14: Problems and Solutions ECE 313

of lllinois Page 1 of 4 Spring 2002
Assigned:  Wednesday, April 24, 2002
Due; Wednesday, May 1, 2002

Reading: Ross, Chapter 7, Sections 1-5; Chapter 8 Sections 1-4
Noncredit Exercises: Chapter 7: Problems 1, 16, 26, 29, 34, 36;
Theoretical Exercises: 1, 2, 17, 22, 23, 40; Chapter 8: Problems 1-9, 15
Problems:
1. In acarnival game, you place a bet and toss a circular coin of radiusr < 1 onto atable

whose top hasa 3" 3 “checkerboard” of unit squares. The object isto get the coin to land
in the central square. Assume that the position of the center of the coinis uniformly
distributed on the central square of the checkerboard, that is, you always manage to toss the
coin onto the central square, even if it liesonly partially inside the square.

If the coin intersects two lines or lies outside the central square, you lose the money you
bet. If the coin intersects only one line, you get back the money you bet plus winnings
equal to the amount that you bet. If the coin lies entirely inside the central square, you get
back the money you bet plus winnings equal to three times the amount that you bet.

(a) LetX denote the number of linesthat your coin crosses. What is the pmf of X ?

(b) If thegameisfair, that is, the expected amount that you win is 0, what is the value of r?

1.(a) Ifr3 1/2, the coin alwaysintersectstwo linesand thus P{X =2} = 1ifr 3 1/2. Thus, if r < 1/2, we
assume that the center of the coin is a bivariate random variable uniformly distributed on the unit square.
Then, the cases{X =0}, {X =1} and{X =2} areasillustrated below, where the event in question occurs if
the coin’s center lies in the shaded regions shown.

X=0

We easily seethat P{X =0} = (1-2r)2, P{X = 1} = 4ere(1-2r), P{X =2} =42, 0 £ 1 £ 1/2.
(Sanity check: ((1-2r)2 + 4ere(1-2r) + 412 = (1 — 4r + 4r2) + (4r — 8r2) + 4r2 = 1 for al choicesof r.)

(b) Thewinnings are 3, 1, and —1 corresponding to values 0, 1, 2 of X. Hence, the expected amount of money
won is 3¢(1-2r)2 + 1e(4ere(1-2r)) + —1e(4r2) = 3 —8r, and thisis zero if r = 3/8,

2. An VLSl chip has constant hazard ratel = —n 0.999/week.

(a) What isthe average lifetime (in weeks)? What isthe median lifetime?

(b)  What isthe probability that the module lasts for at |east one week?
Now suppose that three identical chips are organized into a triple-modular—edundancy
(TMR) system in which we assume that the majority—ogic gate cannot fail. Furthermore,
we assume that the three modules fail independently of one another, that is, their lifetimes
X1, X5, and X 3 are independent random variables. Thus, the three events{X 1 >t} ,
{X2>15}, and { X 3> t3} areindependent for all possible values of tq, ty, ts.
LetY denote the length of time for which the TMR system functions correctly.

(©) If you aretold that theevent {Y >t} occurred, what can you say about the occurence (or
nonoccurence) of theevents{X 1 >t}, { X, >}, and {X3>1}?

(d)  Show that P{Y >t} = 3exp(—2l t) — 2exp(—3 t) and use thisresult to find the average
lifetime and the median lifetime of the TMR system. Compare your answersto thosein

part (8). Do the results surprise you? Isthe TMR system improving performance the way
itisaleged to?
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What is the probability that the TMR system functions correctly for at |east one week?
Compare this answer to that of part (b). Do you think that the TMR system is morereliable
or lessreliable?
Find t such that P{Y >t} =0.999 and compare the answer to that of part (b). Hasthe
TMR system improved performance?
Thelifetime is an exponential random variable with parameter | . Hence, the averagelifetimeis
| 1 =(-dn0.999)1 » 999.5 weeks which is more than 19 years! Themedian lifetimeis T where
PIX>T}=exp(H T)=2/2,i.e. T=1"11In2» 692.8 weeks which isonly 13 years and a few months.
P{X > 1} =exp(- ) =0.999 so even with this long-lived module, we can only be 99.9% sure that the
thing is going to last for a week!
{Y >t} isthe (disioint) union of the four events { X, >t} C{X, >t} C{X; > t},
Xy > G{X, > 1 G{X4 £ 1), {X; > G{X, £ C{X5 > 1}, and {X; £ C{X, > G{X ;> 1}.
Since P{X; >t} = exp(-I t), we readily find that the probability of the first event in (c) is exp(-3l t), while
the other three have probability exp(—2 t) [1-exp(H t)]. Hence, P{Y >t} =3 exp(-2l t) — 2 exp(-3I t).

¥ ¥

Furthermore, E[Y] = oP{Y >t} dt= 3 exp(-2l t) —2 exp(=3l t) dt = (3/21 ) — (2/3l ) = (5/6l ) < /I
0 0

so that the average lifetime of the TMR system is actually smaller than that of the individual modules! To
find the median lifetime, weset P{Y > T} =3 exp(-2l T) —2 exp(-3l T) = 3p2 —2p3 = 1/2. Itiseasy to
show that p = 1/2 is one solution while the other two solutions correspond to p <0 and p > 1. Hence, the
median lifetime of the TMR systemisalso| = In 2 » 692.8 weeks. Thus, in terms of these averages, the
TMR system is just a waste of money; you have to pay more than three times as much (the majority-logic
gate, not being one of the best thingsin life, is not free!) and the performance seems to be worse than that
of asingle module.

P{Y > 1} =3exp(-2l ) —2 exp(=3l ) = 3(0.999)2 — 2(0.999)® = 0.999997002 which is much better than
the comparable figure for the single module.

P{Y >t} =0.999 for t = ! In 0.98163 » 18.53..weeks which is more than 4 months! Thus, we can be
99.9% sure that the TMR system will work for at least 18.53 weeks. Thisis much longer than the week
that a single module might be expected to last with 99.9% probability. Itisinthese mattersthat the
TMR system makes a difference, and why it is one of the choices available to the system designer who
wants to create reliable systems. As noted above, the average lifetime of the TMR system is worse than
that of the single module. Thisis an illustration of the truism that complex systems have worse reliability
than simple systems. What the TMR system is giving up is average lifetimein return for much higher
reliability in early life.

Let E[X] =1, E[Y] =4, var(X) =4, var(Y)=9,and r, = 0.1

If Z=2(X+Y)(X-Y), whatisE[Z]?

If T=2X+Y andU =2X-Y, what iscov(T, U)?

If W=3X +Y + 2, find E[W] and var(W).

If X andY arejointly Gaussian random variables, and W is as defined in (¢), what is
P{W >0} ?

E[Z] = 2{E[X %] —E[Y q} = 2{var(X) —var(Y) + EZX] —EZY]} = 0.

cov(T,U) = cov(2X+Y, 2X-Y) =4svar(X) - var(Y) = 7.

E[W] = E[3X+Y +2] = 3E[X] + E[Y] +2=9.

var(W) = var(3X +Y +2) = var(3X+Y) (why?) = Qevar(X )+var(Y )+6°cov(X,Y ) = 9e4+0+6s(0.1+2¢3) = 48.6.
P{W >0} = 1—F ((0-9N48.6) = 1 — F (-9 48.6) = F (9/V/48.6) (why?)

This problem has three independent parts. Do not apply the numbers from one part to the
others.

If var(X +Y)=36and var(X —Y) =64, what iscov(X, Y) ? If you are also told that
var(X) = 3svar(Y), whatisr y y ?

If var(X + Y) =var(X —=Y),are X and Y uncorrelated ?

If var(X) =var(Y), are X and Y uncorrelated ?

var(X+Y) =var(X) + var(Y) + 2ecov(X,Y) = 36

var(X=Y) =var(X) + var(Y) —2ecov(X,Y) = 64. Hence, cov(X,Y) =-7.

If var(X) = 3svar(Y), then var(X+Y) = var(X) + var(Y) + 2ecov(X,Y) = dsvar(Y) —14 = 36, so that
var(Y) =12.5, var(X) = 37.5, and r = cov(X,Y )N var(X)var(Y) = —7/(12.5\/_3).
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If var(X+Y) =var(X) + var(Y) + 2ecov(X,Y) =var(X-=Y) = var(X) + var(Y) — 2ecov(X,Y), then it must
be that cov(X,Y)=0and hence X and Y are uncorrelated.

The values of var(X) and var(Y') do not affect the covariance computation at al. So, the random variables
may or may not be uncorrelated.

Consider the random point (X,Y') of Problem 2 of Problem Set #13.
Compute E[X ] and var(X).
Explain why the random variable Y has the same mean and varianceas X .
Compute E[X Y] and hence find cov(X,Y).

¥ ¥

GLOTUStellsusthat E[g(X,Y)] :_Q _Qg(u,v)-fx‘y(u,v) du dv. Now, consider the

function g(X,Y) =min{X,Y}. Use GLOTUSto find E[g(X,Y )] = E[min{X,Y}] by
showing that the glotal integrand g(u,v)+fx v (u,v) can be expressed as
ufy v(uVv) for all points (u,v) in the plane for whichu <v

and as vefy v (u,v) for dl points (u,v) in the plane for which v £ u.
Thus, the glotal integral can be expressed as the sum of integrals over two disjoint regions
(these are divided by the line of dlope 1 through the origin) of the plane.
Reminder: In case you got lost in the above verbiage, you are to find E[min{ X ,Y}].
Repeat part (d) to find E[h(X,Y )] = E[max{X,Y}].
Compare the numerical values that you obtained in parts (d) and (€), and state whether or
not E[max{X,Y}] islarger than E[min{ X ,Y}].
Should E[max{X,Y}] exceed E[min{ X,Y}] (even if, according to your computed
values, it does not in thisinstance)?
Sincemin{ X,Y} + max{X,Y} = X +Y, thefollowing equation

E[min{X,Y}] + E[max{X,Y}] = E[X] + E[Y]

should hold. 1s the above equation satisfied by the numerical values you obtained?
The conditional pdf of X givenY = a was obtained in Problem 2 of Problem Set #13, and
it iseasy to seethat the conditional pdf of Y given X = a issimilar. Now, the best (least
mean-sgquare error) estimate of Y given X = a isthe mean of the conditional pdf of Y
givenX =a. Thus, if X hasvaluea £ 0.5, then Q the best estimate of Y, is0.75 while
if X hasvaluea > 0.5, then ¥ = 0.5. Now, the best linear (least mean-square error)

estimate of Y (giventhat X isknownto havevauea)isY =a+ ba whereaand b are
givenin Eq (5.4) of Chapter 7 of Ross. Compute aand b, and draw a graph showing the

estimates ¥ and ¥ asfunctionsof a. (Remember that O£ a £ 1). For what value(s) of a
are the two estimates the same?

Sincethe estimates ¥ and ¥ depend on the value of X they really are functions of X, that

is, they are random variables that can be expressed as¥ = {0 75, 8£5 5)%:8? and

Y =a+ bX. What are the average and the mean-square errors of each estimate? That is,

what arethe values of E[(Y — )], E[(Y = V)], E[(Y = ¥)3], and E[(Y - ¥)2]?
Itiseasy to seethat f,(u) has constant value 2/3 for 0 < u < 1/2, and constant value 4/3 for 1/2 <v < 1.

a

2 02 9412 2
Hence, E[X] = Oou-2/3 du + 9u-4/3 du = (Ca +=5 215 212y

1/2
o AN . (U2} 20 413 a2 _
and E[X2] = OU 2/3du + 1/9u 4/3 du = 9 9 9 9 12
Therefore, var(X) = E[X“] — (E[X] )“ = 127144~ 144

Since the pdf of Y isthe same as the pdf of X, it has the same mean and variance.
1 1 12 1/2

4111 1.1 5
EIXY]= ¢ ouved/3dvdu—- ¢ ouve4/3dvdu :*[* - 5 *] == (whoa! why?)
u=0v=0 u=0 v=0 3L22 88 16
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5_ 4 _H4_- _covX.Y) _ 4
Hence, cov(X,Y) = E[XY] —-E[X]E[Y] = o =7=5sandthusr = . = —.
167144 144~ 36 \ /var(X war(Y)
¥ ¥
(d) E[min{X,Y}]= o omin(uv)fy y(uv)dudv= ¢ oufy y(uv)dudv+ ¢ ovfx y(uv)dudv
¥ ¥ u< v v<u
1 v 1 u 1 \Y 1 7
= O OQud3dudv+ ¢ Qved/3dvdu =243 § oQududv=8/3 JvZ/2dv= 18
v=1/2 u=0 u=1/2 v=0 v=1/2 u=0 v=1/2
¥ ¥
(e) Elmax{X,Y}]= 0 omax(uv)fx y(uv)dudv= ¢ ovfx y(uv)dudv+ ¢ oufyx y(uv)dudv
—¥ ¥ u< v v<u
1 v 1 u 1 \Y 1 7
= O oOved/3dudv+ ¢ Qued/3dvdu =2:4/3 ¢ (vdudv=8/3 c‘)v2 dv =9
v=1/2 u=0 u=1/2 v=0 v=1/2 u=0 v=1/2

(f) Yes, E[max{X,Y}] = > E[min{ X,Y}] = asmdeed it should be for any random variables. Since

max{X,Y} 3 min{ X, Y} E[max{X Y} cannot be smaller than E[min{ X,Y }].
(@)  E[min{X,Y}] +E[max{X,Y}] = 18 g ié Zs 172 112—E[X]+E[Y]asitshould bel!

M) b=rvaivaX) = r =, a:E[Y]-bE[X]:l—Z[l + A =2 Hence

11 11 44
7= j—i - % - % which is astraight line from (0,35/44) to (1,19/44). The graphs of the best
estimate (a step function) and the best linear (straight line) estimate are as shown. Notice that the straight
line estimate passes through the mean point (7/12,7/12) = (E[X],E[Y ]) while the step function estimate
doesnot. Thisisa characteristic of best linear estimators: if X equalsits mean, the best linear estimate of
Y isthemean of Y. Not always so for nonlinear optimum estimates. Notice also that the straight line
estimate is a better approximation to the step function estimate in the interval (1/2, 1) because that is where

most of the probability massis!

35/444

33/44

22/44
— 19/44

The two estimates \/(\ andY arethesameat X = 1/8 and X = 13/16.

) Since\/(\ isafunction of X (not Y!) having value 3/4 if X < 1/2 and value 1/2 if X > 1/2, LOTUS alows

1/2 1
ustowrite E[(Y — ¥)] = E[Y] —E[Y] = 72 0(34) (273 du— o(1/2) (@) du = 112 }1 $=0sothat

the average error of the best mean-square estimate is 0. That E[Y] = E[Y] should be expected from
Theorem 4.1 on p. 338 of the book. Similarly,

35 — 16X 35 16, 7 35 16, 7
E[(Y - Y)] =E[Y] -E[Y] =E[Y] - [ =ENY]- -2 EX1=0- 21 150
R 1 1/2 1 1
Ontheother hand, E[(Y = Y)4 = O o (v=3/4)2e4/3dudv+ ¢ O (v=1/2)%4/3du dv
v=1/2 u=0 v=0 u=1/2
1 1
—(23) d(v=3)2dudv+ (23) S(v—1/2)2dudv=-2 6= 25)2 while
v=1/2 v=0
E[(Y =Y)?] = E[(Y —a-bX)?] = var(Y)s [142]_(— ( 3 53258 » (0.257...)2 > =(o.25)2.
Ignoring X and estimating Y asE[Y] = Ieadstomean -square error var(Y) = 1 e (0.276.. )2

() Thank goodness!



