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1.(a),(b) Thejoint pdf is nonzero on the quarter-plane shown. For v > 0, the pdf of Y is given by

\

\Y

fy(v) = é'(vz—uz)-exp(—v)du = c'[vzu—u3/3]-exp(—v).:. . = c-(413)-v3-exp(—v). Werecognizethisasa
u=—-v -
gamma pdf with parameters (4,1) which gives usthat c+(4/3) = 1/G(4) = 1/3! and thusc = 1/8.
¥

¥
Foru>0,fy (W)= (JUB)(vP—2)rexp(-v)dv = (U8)+(~vZ ~2v — 2 + u2))sexpi-v),
vV=u u
whilefor u<O0, theintegral isfromv =-uto¥. Thus, weget fy (u) = (1/4)+(1+uf)>exp(-u]).
(c) The pdf of X issymmetric and the integral of ue(1/4)s(1+u)eexp(—u) from 0 to ¥ isfinite (what's that got to
dowithit??) Hence, E[X] =0.

= (V4)+(1+u)-exp(-u)

2.(a) Thecomputation of the double integral isleft as an exercise since the final answer is known.
2

w2
(b)  fy()= @7)(u?+uvi2)dv = (6/7)[u?y + uv2/4].:. = (6/7)*(21 + u) for 0 < u < 1, and O otherwise.
v=0 0
1 u
(c) P{X >Y}=P{(X,Y)T shaded triangle shown} = % %(6/7)-(u2 + uv/2)dv du = 15/56.
u=0 v=

(@)  PY>3|X<3}=PY >3, X <}/PX <3}
=P{(X,Y) T shaded rectangle shown}/P{(X,Y) T shaded rectangle+crosshatched square}

1/2
1/2

Lo S o2 - o3 2l 77 5
Now, P{X <3} = uzcoyaﬂ) (2u” + u)du = (6/7)*[2u°/3 + u /2].|. o 28 while
2 1/2 2 .. 1/2
PY>2, X<3= o oM +wdudv=o6/7)[ud3+uvi4  dv
v=1/2 u=0 v=1/2 o
2
_ s _328 .. 1 1, _69
= v:?/(23/28)(1/3 +V/2) dv = oo o giving that P{Y >3 | X <3} = 80
1
- .I. 1 5
(e) E[X] = Qe(6/7)+(2u? + U)du = (6/7)[u*/2 + u3/3].|. =3
u=0 0
! 1
(f) fy(v) = @B/7e(u+uv/2)du = (6/7)-[u3/3+u2v/4].:. = (6/7)*(1/3 + v/4) for 0 < v < 2, and O otherwise.
u=0 0
2 ) 8
Hence, E[Y] = (ye(6/7)+(1/3 + v/4)dv = (6/7)+[v2/6 + v3/12].:. =5
v=0 0
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2

sin(p/6)=1/2
Asisobvious from the |eft-hand figure, the chord is longer than the side of the inscribed equilateral triangle
if itsmidpoint liesinside the inscribed circle. Itiseasily seen (or read in Ross!) that the radius of thisinner

circleis 1/2. Hence, P{random point liesinside inscribed circle} = ratio of areas = p(1/2)2/p(1)2 =1/4.
Thus, we can choose between 1/2, 1/3, and 1/4 as the answer to the random chord problem!

If the midpoint is at distance r from the center of the circle, the chord has length 21 - r2. Thus, we have

that L =2V1 — R2=2V1 — X2 — Y2 whereR isthe distance of the random point (X,Y) from the
origin. Asbefore, 0£ L £ 2, and for any X, 0£ x £ 2, we have that F| (x) = P{L £ x}

L2
=p(2V1 - R2£x} =P[R 3 V1 - x2/4} =1-P[R £ V1 — x%4} :1-“1:—2’4):%/4.
p

0 £x £2
otherwise.

_d _J x/2
Hence, f| (X) —dXFL(x) —{ 0,
2
E[L] = O()(-x/2dx =4/3.

The pdf is nonzero in the shaded region shown.

\

u
>
v=¥
fy(U) = O 2exp (—u-v) dv = 2eexp(-2u) if u> 0, and O otherwise.
v=u
u=v
fy(v) = 02 exp (—u—~v) du = 2eexp(—Vv) — 2eexp (—2v) if v > 0, and O otherwise.
u=0
The random variables are not independent: fx (U)fy (V) * fx vy (V).
¥ v=¥¢ ¥
P{Y >3X} =0 0 2exp(—u—~v)dvdu = ¢ 2exp(—4u)du = 1/2.
u=0 v=3u u=0
al2 v=a—u u=a/2
PIX +Y <a}= ¢ o2 Vavdu= ¢ 26 Yee@ ™ Ydu=1-(1+a)exp(-a) fora > 0.
u=0 v=u u=0

The probability isOfora £ O.
fy vy (@) :i[l —(1+a)(exp(-a)] =a<exp (-a) for a > 0, and 0 otherwise. Thisisagamma density

with parameters (2,1).
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The joint pdf has values as shown in the two triangular regions.

fy(a) = areaof cross-section a a = sum of areas of two rectangles = (1/2)(1-a) + (3/2)a = (1/2) + a, for
OfaflandOifa<Oora > 1

P{X+Y £3/2} =1-P{X +Y >3/2} =1-volume above heavy linein middle figure above

=1—-(V2) (1/2) (V2) (3/2) = 13/16.

P{X 24y2s 1} = Volume outside heavy curvein right—hand figure above = (1 —p/4) (3/2) = 3/2 - 3p/8.
(Alternatively, volumeinside the curveis (JJZ)2 + (p/4—1/2) 3/2=3p/8—-1/2)

Since X andY are independent random variables, their joint pdf is the product of their (marginal) pdfs:
iy (UV) = (UsV/2p)exp(-2/125 2)e(Us\ 2p)eexp(-v2/252) = (L/2ps 2)eexp((u2+v2)/252) for all u, V.
Theregion isthe exterior of the circle of radiusa asindicated in the left hand sketch below.

[T,

-a a
-a
2p ¥
P(X2+Y2>a2}= @ §(2ps2)lexp(—P—v2)/2s2dudv=9 §2ps?2)2L.exp(-r2/2s2)rarda.
F+v? > a? 0 a
d 2p ¥
But, — exp(—2/2s2) = (/s 2)eexp(—2/252) giving & (2ps 2)~L.exp(—r2/2s 2)rdrdq = exp(-a 2/2s2).
0 a

Assuming a 3 0, P{|X|>a} =P{X >a} + P{X <-a} =2:Q(a). (It would be2¢Q(a/s) in general).
Hence, P{[X > a, |Y|>a} = P{|X|> a}P{]Y|> a} (by independence) = 4:Q2(a)

Theregion isthe four quadrants with corners at (xa, +a) asindicated in the right-hand sketch above. This
region is a subset of the exterior of the circle of radi us‘\/Ea . Hence,

P{IX|>a, |Y|>a} £P{X2+Y2>2a2}.

PIX| > a, [Y]>a} =4Q%@) £ P(X2 + Y2 > 2a2} =P[x2 + Y2 > (V2a)?} = exp(-a2) from the
result in part (b). It follows that Q(a) £ (1/2)-exp(-a 2/2) as shown in Problem 1(d) of Problem Set #10.



