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1.(a) dldu(exp—?/2)) = —u exp(—U2/2). Hence,

¥ ¥ - ¥
EIX[] = gulf U)du=2gef (Wdu=20u —exp(w?2)du="\ 2 « —exp(?/2). = \/E <1
-¥ 0 5 Vap P I'o P

More generally, E[[X—n]] =s %if the pdf of X is N(ms?). In statistical applications, E[[X ] is

sometimes called the absolute error.
(b) Since F (x) = 0.9999... etc for large x, the noninformative 9's waste paper, whereas Q(x) can be specified
more easily as, for example, Q(5) = 2.8665" 10~7.
¥ ¥ ¥ ¥

(c) Q(X) = ¢ (u) du= grluf (u) du=x2f (x) —gr2f (u)ydu= x1f (x) =3 u f(u)du
X X X X

¥
= x1f (X) —x3f (x) + (Bu*f (u) du. Sinceall theintegrands are positive, so are al the integrals, and it
X

follows that
X1 (X) —x3f (x) < Q(X) < x7Lf (X)
which is Eq. (4.4) of Ross. Clearly, the bounds tend to —¥ and +¥ asx® 0 and thus are not useful for
small x. On the other hand, the r atio of the upper and lower bounds on Q(x) is 1 + (x2 — 1)1 which
approaches 1 asx ® ¥. Notethat if either bound is used as an approximation for the value of Q(x), the
maximum relative error is also guar anteed to decrease as x increases. For example, at x = 5, the
maximum relative error is 1/24 » 4.2%.
(d) Sincet+x>t—x>0, (t+Xx)(t—x)=12-x2> (t—x)2. Hence, exp—(t2 —x2) < exp—(t —x)2 and
¥ ¥

therefore exp(x;) Q(x) = (\%pe)(p(_
X

(e) The bound (1/2)exp(—x3/2) is tighter for x < aY 2/p » 0.7979.

_ 2
(\lepexp(— ﬁt—zxL) dt = 1/2. What? Why 1/2?
X

2.(b)(c) Eg.26.2.17 isthe most commonly used approximation to Q(x). It gives Q(5) » 2.8710" 107 . Theerror
in the approximation is known to be smaller than 7.5" 10-8 so that the actual value of Q(5) could be as
small as2.8710" 107 -7.5" 108 =2.1210" 107 or it could beaslarge as2.8710" 107+ 7.5" 108 =
3.6210" 10~ and thus the maximum relative error could be aslarge as 7.5” 108/2.1210" 107 » 35.4%.

(d) —l0g,,Q(5) = 6.54265, so Q(5) = 2.8667.5" 10~7. Thus, even though the error specification implies that
there could be a 35% error, Eq. 26.2.17 actually overestimates Q(5) by only 0.16%! In contrast, the bounds

(1/5—1/53)f (5) < Q(5) < f (5)/5 give 2.8545" 107< Q(5) < 2.973410~7. The upper bound overestimates
Q(5) by 3.57% and the lower bound underestimates Q(5) by 0.42%. Thus, at x = 5, both the upper bound
and the lower bound are poorer approximations to Q(5) than the value given by Eq. (26.2.17).

(e) The maximum possible error islarger than the value being computed.
¥ 1
3. Y (f) = H(f)X(f) = 2eexp(—f2) for [f| £ 1, and hence y(0) = ¢ (f)eexp(j2pf-0)df = @-exp(—pfz)df
-¥

= 2[F \V2p) - F(V2p)] = 2:[2:F V2p)-1] = 2:[2+F (2.38...) — 1] = 1.9652..

1/2
—n2 In2
4.(a) From thefigure shown above, we see that the pdf is symmetric about u = 0. Hence, we get that
In 2

In2 1

(X £1n2} _f+ Ozexp(—u) du—*+[ Lept) | g Notice that P{OE X £1n2} =
o
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_PXI£In2} C{X£In2}} _P{X|£In2} _2P{0£ X E£In2} _1/2_2
(b) P{X]£In2][X £In2} = P(X £ In 2} “PXEINZ 34 “34” 3

(c) cos(pX/2) =0if X isan odd integer, and
P{cos(pX/2) <0} =... + P{—7 <X <5} +P{-3<X <-1} +P{1<X <3} +P{5<X <7} +...
=2[P{1<X <3} +P{5<X <7} +...} (by symmetry) = [exp(-1) — exp(=3)] + [exp(-5) —exp(-7)] + ...
_ N _ 1 . . .
= exp(-1) Trexp(—2) ~ 2ecosh(l) 0.324... on summing the geometric series.

(d) The minimum valueof | is—1. Fj(b)=P{l £ b} =0if b<-1.
For b3 -1, Fj(b) =P{l £ b} =P e —1£b} =P{V £ In(b+1)} = Fy (In(b+1)). But,

s bl
N F—— -1£b£O0
_ie¥2, af 0, 12 :
V@ egp, aso. TSROELT b s o
2(b+1)’ '
i % 1£bEO,
andfj(b) = | 1 Note that the pdf has constant value 1/2 intherange—1£ b £ 0.
a , b > 0.
| 2(b+1)2

5.(a) LetOE£vEL Then Fy(V)=P{Y £v} =P{(1-X)2£v} =P{-VvE1-X £V} =PX 3 1-V}

=1-Fy (1—\/:/) =(1-(1- \/T/))2 = v where we used the result that Fy (u) =1 - (1—u)2.
i 0, u<ao,

Hence,FY(v):llv, O£V EL
1, v > 1
(b) A sketch of the function Fy (v) revealsthat it is a nondecreasing continuous function. It is not

differentiableata =Ooratb=1.

1 1 1
6.() EIR]=(8r3ct = E[V] = E[4pR3/3] = &bpr Sk =27 E[A] = E[4pR?] = Q12pr 4k :%3
0 0 0

The average volume E[V] = E[4pR3/3] corresponds to a sphere of radius (1/2)1/3 and the average surface
areaE[A] = E[4pR?] to asphere of radius (3/5)1/2. Notethat E[V] = E[4pR3/3] * 4p(ER])3/3, etc.
Thisillustrates the general result that E[g(X)] hardly ever equals g(E[X]). You will save yourself alot of
grief if you keep thisin mind: that E[g(X)] = g(E[X]) is a common misconception among the instochaste.
Exercise: Find afunction g(¢) for which E[g(X)] doesequal g(E[X]).
(b) The volume V has valuesin the range (0, 4p/3). For any u, 0 < u < 4p/3, Fy(u) = P{V £ u}

= P{4pR3/3 £Eul} =P[R £ \/3 3u/dp} = FR(\/3 3u/4p ) = 3u/dp since FRr(r) = r3foro<r<1. Hence,
fyy(u) isuniform on (0, 4p/3).

(c) Obvioudly, E[ V] = midpoint of uniform pdf = 2p/3 asin part (a)

(d) The electrical charge is uniformly distributed on the surface of the sphere. The surface charge density is
S =QI4pR2 > Ql4p.
For x > Q/4p, Fg(x) = P{S £ x} = P{QI4pR2 £ x} = P{1>R * VQlpx } = 1— (Qi4px)L-5.
Hence, fg(x) = (3/2x)(Q/4px)l'5 for x > Q/4p, and O otherwise.

7. Assuming that life begins at forty (ask your parents about this!), the probability that the smoker survives
to age 50 without getting lung cancer is P{ X > 10} where X isthe number of yearsthat he lives cancer-free
10

beyond 40. The hazard rate of X is h(t) = 0.027 + 0.00025t2. Thus, P{X > 10} = expgei o) dt2
0o @

20 .
= exp(~L1.06/3) » exp(—0.3533...) = 0.70... Similarly, P{X > 20} = expgic‘h(t) dt® = exp(—3.62/3) »
0o B

exp(~1.20666...) = 0.30...



