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N
Y isabinomial random variable with parameters (N, 1/2). p, (k) = P{Y =k} = (,’(“) (%) for O£k £N,

and we can write without further computation that E[Y ] = N¢(1/2) = N/2.

Each week, the investment value is multi Plied by either 3/2 or 1/2. Hence, after N weeks, an investment of
$C has value $C+(3/2)Y (/2N = $Ce3V2/2N = $C+(3/4)N < $C if Y hasvalue N/2, that is, half the weeks
gave a50% gain and half a50% loss. So, equal numbers of gains and losses resultsin anet loss. MBAS
would, of course, say that the average gain of the GoGoDotCom investments over N weeks was

(50% + 50% — 50% + 50% ... )/N = 0% !! since N/2 weeks has'gai ns and N/2 weeks |osses.

1+Z = (1+X 1)(1+X 5)(1+X 3)...(1+X ) = (3/2)Y (/2N = 3"/2". Hence, Z = 3"/2N - 1 takes on values
2N —1,32N—1,3%2N - 1,3%2N 1, ..., 3%2N 1 Notethat Z <0for Y < N/log,3.

N
The pmf of Z isgiven by P{Z = 3ke2™N _1} = (E) (%) for 0 £ k £ N. From this, it follows that
y N 1\ N
E[zl=a @<2"- l)'(k) (5) =22Ne(1+3)N-1=01!1 Thus, theaverage gainisin fact 0, but
k=0
note that O is not one of the values taken on by Z; that is, no combination of gains and losses will leave
you with exactly the same amount that you began with: you will either have made money or lost money by

investing with GoGoDotCom.

P{Z <0} =P{Y < N/log,3} must be computed numerically; thereis no closed-form expression for it.
Since N/log,3 > N/2, it is easier to compute the probability P{Y > N/log,3} =P{Y >8.2} =P{Y 3 9}
=P{Y £ 4}. Why? We have by calculation (or by consulting, for example, Sandard Mathematical Tables
and Formulae CRC Press, 1996 (p. 653)) that P{Y £ 4} =0.1334. Thus, you have probability 0.8666 of
losing money on thisinvestment even though the average gainis 0 !!

P{X iseven} =P{X =0} + P{X =2} + ... + P[X =M} whereM =N if NisevenandM =N -1if N is

odd. Hence, P{X iseven} =d\‘ + (';l)qN‘zp2 + ...+ (I\'\/ll)of\“MpM . Note that the last term is pN if N

iseven, anditis quN‘1 if Nisodd (whatever happened to (,\'\/ll)?‘/)

Now, (q+pN=d+ (T)q’“‘lp + (';‘)QN‘ZDZ ot (N'\_ll gt + pN while
@-pN=qV- (T) M+ (';') 2p? - (—1)'\“1(,\,'\_'1) ap =t + ()N,

We add these equations together and note alternate terms cancel.. Also if N is odd, the last terms cancel,

while if N is even, the next—to-ast terms cancel. In either case, we see that the sumisjust 2P{ X is even},
i.e. P{X iseven} = [(q+p)N+(q—p)N)/2 = [1+(1 - 2p)NJ/2. Exercise: when is P{ X iseven} < 1/2?

P{W = n} = (N;K) 08"02NKN forn=0,1,2, ..., N—K.
For fixed N and n, the answer to part (a) isafunction of K, say f(K). Then,

N—-K N—K—
f(K) _ ( n )(0.8)“(0.2) " _ (N-K)(N—K-1)...(N-K—+1)
f(K-1) (N—(rlf—l)) 08 (02N-K-Dn (NHK=1))(NHK=1)-1)...(NHK=1)—+1)0.2

N-K-—n+1
N-K+1

canbeexpr&sedasl’% =E&N-1.25n+ 10 For N=100and n=8, N—1.25n+ 1 =91 isan integer.

Hence, f(91)/f(90) = 1 and either 90 or 91 can be taken to be the maximum-likelihood estimate of K. The

formulawe derived gives 91 as the estimate but it is perfectly legitimate to use 90 instead.

The examiner's estimateK is C — €0.25n0= N — n — &0.25n0which hasvalue 90 if N =100 and n=8

while K is91. Thus, the examiner’s estimate is smaller than the answer obtained in part (b), but still
perfectly defensible as a maximum-likelihood estimate as described in part (b) (sheisjust atough grader!).

Infact, K = K except when 0.25n happens to be an integer (because N —n—&0.25n0= &N — 1.25n + 10
except when 0.25n is an integer) and in this special case, the examiner is opting for the lower value.

For the case N = 100 and n = 10, we get K = 6100 — 12.5 + 10= &88.50= 88 while K is C — &0.25n0
=90 - &2.50=90-2 =88 isthe same. The unlucky student who blew all 10 guesses suffers the further
indignity of having a score of 88 on the exam even though the answers to 90 questions were known (and
recorded correctly on the answer sheet!)

3 1if and only

if 3 0.2, thatis, K£ N-1.25n+ 1. SinceK isan integer, the maximum-likelihood estimate



University Problem Set #4: Solutions ECE 313
of Illinois Page 2 of 3 Spring 2002

(d)

(e)

(f)

4.(a)
(b)

(c)

(d)

6.(a)

If N=100and K =90, W isabinomial random variable with parameters (10,0.8) and hence P{W =n} is
maximized at n = &0.8" (10+1)0= 8. If this maximum-probability event actually occurs, then as discussed

in parts (b) and (c), K = 90 which correctly estimates K, while K =01 slightly overestimates K.

If W = 4, the guessing penalty reduces the score by just 1 — the student gets a 95 while knowing only 90
answers whereas the unlucky one who blew all 10 guesses got only an 88 while knowing 90 answers! This
isthe origin of the saying “Some people have all the luck!”

Itiseasily verified that if C equals 100, 99, 98, 97, 96, 95, 94, 93, 92, 91, and 90,

then the examiner’ sestimate K is 100, 99, 98, 97, 95, 94, 93, 92, 90, 89, and 88. The probability of
underestimating K is P{W =9} + P{W =10} = 0.37580964... while the probability of correctly
estimating K is P{W =8} =0.30198989... The probability of overestimating K can be easily found as

1 —P{correctly estimating} — P{ underestimating} = 0.32220047.... It can also be computed directly (and
with alot morework!) asP{W £ 7} = P{W =0} + P{W =1} + ... + P{W =7} = 0.32220047...

More interestingly, write the examiner’s estimate as K = N — W — &.25W iand think of it as arandom

variable. The averagevaue of K, i.e. E[K], is 90.3230648... which is pretty good estimation! Itis
interesting to note that N — W — 0.25W (without the floor function) has average value precisely K, so the
examiner is contributing to grade inflation while being atough grader at the same time!

X takes on values -6, 6, 12, 18.
If $6isbet oni, then you loseit if al three dice show one of the 5 non-i numbers.

3.3 _ 125
Hence P{X =6} =5°/6 =516

other two have non-i numbers. Hence, P{X =6} = 3-(1-52)/63 = 27716
1

and P{X =18) = 13/63 = 515 Sanity check: 125 + 75 + 15 + 1 = 216, so we have

On the other hand, you win $6 if one of the three dice showsi and the
By asimilar argument, P{ X = 12}

o 2.
is 3+(12+5)/6° = 216,
not left anything out.

125¢(—6) + 75¢6 + 1512 + 118 _ _&2 17,
216 T 2167 36

. 654 _5 .
216 — o In this case, you come out even
since you win $3 on the three numbers showing, but lose $3 on the three no-shows. The chance that the

E[X] = & up(u) = i.e. aloss of roughly 47¢ per game.

three dice show the same number is 6¢ 2716 316 in which case you win $3 on the winning number but lose

$5 on the 5 no-shows for anet loss of $2. The probability that exactly two numbers are identical isthus
15_5
36 12
for anet loss of —=1. Thus, Y isarandom variable taking on values 0, —1, -2, with probabilities as found
above. (Remind me once again why you are bothering to play this game at all?), and its expected value is
E[Y]= % = 1673 just as before. Splitting your bet six ways has no effect on your losses!

Exer cise: Would it be better to bet on 2 or 3 or 4 or 5 numbers (in equal shares) instead?

in which case, you win $2 on the pair and $1 on the singleton, but lose $4 on the other no-shows

Thereare (150) different ways of rank-ordering 5 men and 5 women, and all these are equally likely as

stated in the problem. The random variable X, the ranking of the highest-ranked woman, obviously can
take on values 1,2,3,4,5,6 only. Now, if X =k, the other 4 women can be in placed in the lower 10k

ranksin (lO—k) different ways. (Sanity check: the other 5 — (k—1) = 6-k men can be placed in the lower

10k ranksin ( ) (10—k) different ways where we have applied the result: ( ) (n—|) )

(10—k)
_ 5,(10-K)+(10-k—1)+(10-k-2)»(10-k-3)

Hence, for LE K £ 6, P{X =k} = (10) 109876 The numerical values

eyt 2 5 5 5 1
are respectively > 18 36' 84’ 252, and 252 for k = 1,2,3,4,5,6. Sanity check: The numbers add to 1.

If X 3 50, he sells all the papers. This event occurs with prabability P{X 3 50} » 0.983
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If he cannot sell any papers, heloses $0.1" 50 = $5. If he sellsall of them, he makes $0.25" 50 = $12.50.

If the demand X isfor 50 papers or less, the newshoy sells X papers and recycles 50-X papers. Thus, his

profit (in cents) is 25X —10(50-X) = 35X —500. Otherwise, X > 50, and his profit is 1250 regardless of
. . 35X — 500, 0 £ X £ 50,

how large X is. Hence, Z isrelatedto X asZ = { 1250, X > 50.

Z takes on values -500, —465, —430, ... 1215, 1250, 1250, ... 1250 as X takesonvaluesO, 1, 2, ...

49, 50, 51, ... 100. Thus, P{Z =-500} = P{X =0}, etc. and we can thus evaluate E[Z] viaLOTUS as
E[Z] = (-500)P{X =0} + (465)P{X =1} + ... + 1215P{X =49} + 1250P{ X =50} + 1250P{ X =51} +
+ 1250P{ X =52} + ... + 1250P{X = 100}. The last 51 terms can be combined to write

E[Z] = (-500)P{X =0} + (—465)P{X =1} + ... + 1215P{X =49} + 1250P{ X 3 50} » 1248.63

This isnot too surprising since there is a better than 98% chance he sells all his papers and makes 1250
every day. (It would have been surprising if the average profit had been more than 1250, the max profit!)
The 51st paper provides an extra profit of 25 centsif X > 50 (which occurs with probability »0.9729) and a
loss of 10 centsif X £ 50 (which occurs with probability » 0.0271). Hence, the average additional
profit from the 51st paper is A(50) » 25 0.9729-10" 0.0271 » 24.05 and the total average profit from 51
papers is approximately 1248.63 + 24.05 = 1272.68.

The 52nd paper provides an extra profit of 25 centsif X > 51 (which occurs with probability »0.958) and a
loss of 10 centsif X £ 51 (which occurs with probability »0.042). Hence, the averageadditional profit
from the 52nd paper isA(51) » 25" 0.958 — 10" 0.042 » 23.52 and the total average profit from 52 papersis
approximately 1272.68 + 23.52 = 1296.20 Notice that on average he makes|ess additional money
(23.52 cents) from the 52nd paper than he does from the 51st (24.05 cents).

Generally, the (N+1)th paper is sold for 25 cents profit if X > N, and remains unsold for 10 cents loss if

X £ N. Hence, A(N) =25" P{X >N} —10" P{X £ N}. But, P{X >N} + P{X £ N} =1, so we can write
that A(N)=25-35" P{X £ N}. But, P{X £N} =P{X =0} + P[X =1} + ... + P{X =N} increasesasN
increases (since we keep adding in more and more positive terms as N increases) to value 1 when N = 100.
Hence, A(N) decreases as N increases, and it becomes negative when N getsto be so large that P{X £ N}
exceeds 25/35 = 0.71... Note that this must eventually happen for some N since P{ X £ 100} = 1.

A(50) » 24.05 > 0, so that buying 51 papers gives more average profit than buying 50 papers, and buying
52 papers gives even more profit since A(51) > 0. Since P{X£ 62} < 25/35, A(62) > 0, and thus buying
63 papersincreases profits even further. However, P{X £ 63} > 25/35 and hence A(63) <0, i.e. the 64th
paper has aloss on average: the newsboy should buy 63 papersto sell (just alittle bit more than the
average daily demand of 60 papers. His average profit is approximately 1442.06. (With 64 papers, the
profit is approximately 1440.41 cents which isatad smaller, and profits decrease further as more papers are
bought.)

Exercise: what should the newsboy do if the numbers had turned out such that P{X £ N} = 25/35 exactly
for some N, so that A(N) = 0? Should he buy N papers or N+1?



