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Assigned: Wednesday, January 30
Due; Wednesday, February 6

Reading: Ross, Chapters 2.1-2.5, 4.1, 4.34.5,4.7

Noncredit Exercises: (Do not turn thesein) Chapter 4, Problems: 2, 7, 13, 28, 35, 39, 40-43;
Theoretical Exercises: 11, 13, 15.

Problems:

1. Let A, B, and C denote three events defined on a sample space W, and suppose that
P(A) = 0.3, P(B) = 0.3, P(C) = 0.5, and P(A C B¢) =P(ACC B€C C) =0.2.
Find P(A C B), P(ACC B), P((A E B E C)C), and P(B C C9).
If any of these probabilities cannot be computed from the given information, find upper and

lower bounds (preferably other than 1 and 0 !'!) on these probabilities.
1. (a) A Karnaugh map/Venn diagram is very useful in solving problems such as these.

< B > < B >

( ) ( )

0.3 0.3

. J . J

< A > < A >

Since A isthe union of the disjoint sets A C B and A C BS,

PA)=PACB)+PACBY P PIACB)=PA)-PACBY9=03-02=0.1

Similarly, P(A€C B) =P(B) —P(A C B)=P(B) —-P(A) + (A C B9 =0.3-0.3+0.2=0.2.
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Next, PAEBE C)=PAEB)+P(AEB)CC C)=PAE B)+PACC BCC C) (why?)

=P(A) +P(B)—P(A C B)+ P(ACC BCC C)=0.3+0.3-0.1+0.2=0.7,

and, of course, ((AEBE C)9=1-PAEBE C)=1-0.7=0.3.

P(B C C©) cannot be determined, but we can be surethat P(B C C©) £ P(B) = 0.3. On the other hand, the
smallest possible value of P(B C C© isOwhen P(A C BCC C)=0andP(A C B¢C C% =0.2.

Note that the value of P(C) is not used anywhere except in deciding that P(B C CC©) cannot be determined
and in determining the bounds on P(B C C°).

2. The experiment consists of picking a student from the set of all UIUC students registered
this semester. It isnot necessary to assume that al students are equally likely to be picked,
but you may make this assumption if it makes you feel happier and more confident.
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(a) Let A and B denote the events that the student picked has had respectively four years of
science (FY'S) and calculusin high school. Let P(A) = 0.45 and P(B) = 0.35. If the
probability that the student had neither FY S nor calculusis 0.3, what is the probability that
the student had both FY S and calculus? What is the probability that the student had FY S
but not calculus ?

(b)  Let Cdenotethe event that the student isregistered in ECE 313, and let A and B be asin

part (8). Suppose that P(ACBCC)=0.002. What isthe probability that the student picked
isnot registered in ECE 313, but did have both FY S and calculus ? If the probability that
the student picked isregistered in ECE 313, and has had either FY' S or calculus (but not
both) is 0.004, and if students who had neither FY' S nor calculus did not register in ECE
313, what is P(C)?

(c¢)  Usingthedatagiven in parts (a) and (b), which of the following probabilities can you
compute? It is not necessary to actually compute each probability.
P(AE C), P(AEBEC), P(A E BE CC), P(ACBCCS), P(ACBCC), P(ABCO

2.(a) From DeMorgan's theorem and P(ACBC) = 0.3, we get that P(AE B) = 0.7.
P(AB) = P(A) + P(B) - P(AEB) = 0.1. P(AB©) = P(A) — P(AB) = 0.35.

(b) P(ABC®) = P(AB) — P(ABC) = 0.098. Note that C can be partitioned into ABC, (AAB)C and ACBC,
where (AA B)C is the shaded set in the figure shown below.
Since P(ACBC) = 0, we get that P(C) = P(ABC) + P(AAB)C) = 0.006.

(c) P(ACBCO) and P(AE C) cannot be computed.

<4—B—>

0.3 0.098

0 0.002 3 C

D

3. Let A, B, C denote three events defined on a sample space. Show that
PIA) = PB)* P(C) ¢ paEBE C) £ PA) +PE) + P(O)

3. Since A isasubset of A E B E C, we know that P(A) £ P(A E B E C). Similar inequalities hold for B
and C aswell. Adding the three inequalities gives that P(A) + P(B) + P(C) £ 3P(A E B E C), and thus it
followsthat [P(A) + P(B) + P(C)]/3£ P(AE B E C).

To prove the other inequality, note that P(E E F) = P(E) + P(F) - P(EF) for any events E and F, and hence
P(A E B) £ P(A) + P(B) holds for events A and B (with equality if P(ACB) =0.) Let D denote (A E B).
Then, P(A E BE C)=P(D E C) £ P(D) + P(C) = P(A E B) + P(C) £ P(A) + P(B) + P(C).

4. Find P(A E (B¢ E C¢)°) in each of the following four cases:

(a) A, B, andC are mutualy exclusive events and P(A) = 1/3.

(b) P(A) =2P(BC) = 4P(ABC) = 1/2.

(c) P(A)=12,PBC) =13, and P(AC) = 0.

(d) P(AcC (B¢ E C)) = 0.6.

4, P(A E (B° E C%% = P(AE (BCC)) by DeMorgan's theorem.

@ P(BGC) =0, and therefore P(AE (BCC)) = P(AE @) = P(A) = 1/3.

(b) P(AE (BGCC)) = P(A) + P(BCC) - (ACBGC) = 1/2 + 1/4 - 1/8 = 5/8.

(© P(AE(BCC)) =P(A) + PBCC) - P(ACBCC) = 1/2 + 1/3 - 0 = 5/6. (Why?)

@ (A®C (B°E C%)°=A E (B°E C%° by DeMorgan's theorem. Hence,
P(AE (B°E C9%=1-PACC(B°E C%)=1-06=04.
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5.

(a)
(b)

(c)
(d)
(e)

Eight people hold reservations for travel in a 5-passenger limousine from Champaign to
St. Louis. The number of personswho actually show up to travel can be modeled as a

binomial random variable X with parameters (8,%). Note: 28 = 256. |f more than 5 people

show up, only thefirst 5 get to go, and the rest are left behind. What isthe average

number of passengers who are left behind?

Y =1, 2, 3 passengers are left behind according asX = 6, 7, or 8. Since X takes on values 6, 7, 8 with
28 8 1 _1'28+2°8+31_47

with probablhtlasT%, 256" 256 respectively, we readily find that E[Y] = 256 =256

Use a spreadsheet/Mathematicad MATLAB for this problem.

Let A denote an event of probability p.

For p=0.1, 0.25. 0.4, 0.5, 0.6, 0.75, and 0.9, find the numerical values of the
probabilitiesthat A occursQ, 1, 2, ... , 10 timeson 10 trials of the experiment.

Y ou have, in effect, computed the probability mass function for abinomial random variable
X with parameters (10, p) for seven choices of p. For each value of p, draw abar graph of
the pmf. (For p = 0.5, the answer is on page 151 (5th ed.) or 146 (6th ed.)of Ross!)

What is the relationship between the pmfsfor the cases p = 0.1 and p = 0.9? for the cases
p=0.25and p=0.75? for the casesp = 0.4 and 0.6?

Prove mathematically that if X isabinomia random variable with parameters (n, p), then

Y =n-X isabinomia random variable with parameters (n, 1-p).

From each of the seven graphs of part (b), find the value of k for which P{X =k} is
maximum. Compare your resultsto the prediction of Proposition 7.1, p. 150, of Ross.

6.(a), (b)

(c)
(d)

(e)
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From the table, the probabilities for any given value of p and 1-p arejust “reverses’ of each other in the
sensethat P{X =k} for probability pisjust P{X =10k} for probability 1—-p.

If X isabinomial random variable with parameters (n, p), then it counts the number of times that an event
A of probability p occurred on ntrials. Let Y denote the random variable that counts the occurrences of A©
onthesentrials. Then, obviously Y isabinomia random variable with parameters (n, 1-p), and equally
obviously Y =n—X, sothat P{X =k} = P{Y =n-k} exactly as observed in the table and part (c).

For p=0.1, 0.25. 0.4, 0.5, 0.6, 0.75, and 0.9, P{X =k} islargestfork =1, 2,4, 5, 6,8, and 9
respectively exactly as predicted by the theory (would Rosslie to you?)

[“Eat your broccoli, dear. 1t'sgood for you”] Let A, B, and C denote the events that your
mother serves respectively asparagus, broccoli, and cauliflower for dinner. From (bitter?)
experience you know that these events are mutually exclusive (i.e. you get only one
vegetable each day) and that P(A) = 0.2, P(B) = 0.5, and P(C) = 0.3. Eachday isan
independent trial: that is, your mother, alady of formidable temperament albeit limited
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culinary skills, makes independent decisions (e.g. without taking into account your opinion
that Cheetosis a vegetable suitable for serving with any entree) about the vegetable to serve
each day. Over athree day period, what is the probability that

(a)  sheservesthe same vegetable on all three days ?

(b)  sheservesthe same vegetable exactly two days out of three ?

(c) sheservesdifferent vegetables on the three days ?

7.(a) P(sameonal three days) = (0.2) + (0.5)3 + (0.3)3 = 0.16.

(b)  P(sameon two of three days) =3 {(0.2% ~ [1-0.2] + (0.3)2 " [1-0.3] + (0.5)2 " [1-0.5]} = 0.66.

(c) P(different on al three days) =3![0.2" 0.5 0.3] = 0.18. Alternatively, we can compute thisas 1 —0.16
—0.66. (Why?)



