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1.(a) P{atleastonecorrect} =P{AE BE C} =1-P{AC€C BCC CC = 1—P{none correct}
=1-P{AC)P(B®)P(CS} =1-0.2° 0.1 0.3=1—0.006 = 0.994
(b) P{only #2 correct} = P{AC C B C CC} =P{AC)P(B)P(C’} = 0.2" 0.9" 0.3 = 0.054
(c) P{#3 correct | at least one correct} =P{C|AEBE C} =P{CC [AE BE C]}/P{AE BE C}
=P{C}/P{AE BE C} =0.7/0.994 = 50/71
2.(a) P{X >n} =P{mailman not bitten by adog for the first n days}
= P{not bitten on n-th day and not bitten on previous n—1 days}
= P{not bitten on n-th | X > n—1}P{X > n-1} = [1-%} CRX >0 = R >
_n . nl . =1, n2., ., n=1, , 3. 2.

1l n P{X>H}‘m o PXeng =l B

nl ") since P{ mailman not bitten on first day} —% and all the intermediate factors cancel. Hence,
1
Px() = P{X > -1} —PX > np = ﬁ n+1 n(n+1)

¥

forn=1,23,.

o)
_ 1 . . —
(b) E[X] = a. nep(n) = a ne———~ n(n+1) a P ¥ since the harmonic series diverges. Dog lovers

¥
everywhere can breathe asigh of relief! Note that we can also get thisusing E[X] = & P{X > n}...
n=1
3. Let = 1—p. Then, P{X iseven} = pq+ pc3 + pg® + ... :i—gz“ :1i+q:§ which givesq = gand p= %
Hence E[X] =1/p =5.
4. Which of the following statements are true for all random variables X and Y with identical finite variance
s2? TRUE FALSE
n n E[X?] = E[Y?}]
n n var(X +Y)=2s?
n n va(X —=Y)=0
n n var(X +Y) +var(X — Y) =4s?
n n var(2X + 3Y) =var(3X + 2Y)
n n +cov(X, Y)+£ s?
n n X +Y and X — Y areuncorrelated random variables
n n X +Y and X — Y areindependent random variables

5.(a) Y =exp(X) takeson valuesin therange (1,¥) asX varies between (0,¥).
Forv>1, Fy(v) =P{Y £v} =P{exp(X) £v} =P{X £Inv} =1—-exp(-l (InVv)) = 1-v~'. Notel >0.
Ny v g

.O vEL
6.(a) The pdfsare as shown in the sketch below.

Hence, fy (v) =

fo(u) f1(u)

T 1 T. >

The maximum-likelihood decision chooses the hypothesis which has the larger pdf value at the observation.
By inspection, we see that the decision isto choose Hq if X >0and Hg if X <O0.

Pea=P{fdseaarm} = P{H, is chosen when in fact H, isthe true hypothesis} = P{ X > 0 when H,, istrue}
¥ ¥ ¥ ¥
= é)(u)du = JU2)eexp(-u+S))du = 1/2)*exp(—u-5)du = (1/2)exp(-5) gexp(-u)du = (1/2)*exp(-5).
0 0 0 0
Similarly, P,,, = P{ missed detection} = (1/2)+exp(-5) aso.
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(b)

(a)

(b)

9.(a)

(b)

F1(U) _ exp |u—5|) _ | exp(10) u>s,

The minimum-error-probability rule comparesL (u) = f

to % which equal s% when pq =2pg = % and hence the minimum-error-probability rule chooses Hq
1

whenever exp(2X) > 1/2, i.e. X >—(1/2)sIn2 =g. Notethat -5 < q< 0 and that exp(—q) = \/_2
¥
¥

Pra = (JrePiuShdu = (Jrexpi-u-5)du = 5exp(-5) gpp(-)cu = ;exp(-5-0) = J\'}J similarly,
q q d
q q q
Puo= (JrexPlu-Sddu= (Jremu-5du = ep(-5) gxp(uidu = jexp(-5+0) = %‘ff‘—&")%m-
—¥ —¥ —¥ 2

Finally, the average error probability is poPes + P1Pyp = \/_2-exp(—5)/3. More generally, the threshold g

equals (]J2)-In(\/ po/P, and the average error probability iS\/ PP, &XP(=5) which has maximum value
(/2))exp(-5) if p, = p, = 1/2. Of course, al the above applies only if exp(—10) < (p/p,) < exp(10).
Thejoint pdf has value 2 on the triangular region shown in the |l eft-hand figure below.
Foranya, O£ a<¥,P{Z £a} =P{Y/X £ a =P{Y £ aX} =P{(X,Y) liesin the shaded region shown}
=2 ((V2) 1 a(at+1)) = al(a+l). Hence, f,(a) = U(1+a)* fora® 0and O for a<O.

1 v 2 \ N
(U(a+1),al(a+1)) a2 kT

2/3
1 u 1 2 u 1 2w 12l 7 2 X

!
Figure for Problem 7 Problem 8: joint pdf Problem 8: pdf of X MM SE estimator

Thejoint pdf has value 2/3 on the region shown in the second figure above.
f,(u), the value of the marginal pdf of X at u, equals the cross-sectional area of the pdf surface at u. Hence,

we get that f, (u) has constant value 2/3 for 0 < u < 1, and decreases to 0 as u increases from 1to 2, as
showb in the third figure above. More formally,

i 2/3 forO<uc<1,
fy(u) = | (2/3) (2—) forl£u<2, Itiseasily verified that the area under the pdf is 1.
otherwise.

The M MSE estimator for Y given X isthe mean of the conditional pdf of Y given thevalue of X. Also,
the conditional pdf issimply the cross-section of the joint pdf surface “normalized” to have area 1.
Itiseasily seen that if X = awhere 0 < a< 1, then the conditional pdf of Y isuniform on (1-a, 2—a) and
hence has mean (3/2) —awhich variesfrom 3/2ata=0to /2 at a= 1, whileif 1 £ a< 2, then the
conditional pdf of Y isuniform on (0, 2—a) and thus has mean 1 — a/2 which variesfrom /2 ata=1to 0

at a=2. Thus, the MM SE estimator 9is(3/2)—x ifO<X <1l and1-X/2if 1£ X <2, asillustrated in
the right-hand figure above. Note that the function is piecewiselinear, and thus is different from the linear
MM SE estimator.

Z =5X +Y isaGaussian random variable with mean E[Z] = E[5X + Y] =5 E[X] +E[Y]=50+7=7
and variancevar(Z) = 52var(x) + 12var(Y) +2°5 1 cov(X,Y) =25 4+ 16 + 10r Vvar(X var(Y)

=100 + 16 + 10" (U16) 2 4=121=112. Hence, f5(w) = U/(11V 2p)eexp(~(w-7)%/242), -¥ <w < ¥.
P{Y >3X} =P{3X - Y <0}. But 3X — Y isaGaussian random variable with mean

E[3X — Y] =3 E[X] —E[Y] =7 and variance 3%var(X) + (<) Avar(Y) + 2" 3’ (1) cov(X,Y)

=9 4+ 16 -6r\va(X)var(Y) =36 + 16 — 6 (U/16) 2" 4=49="72. Hence, 3X — Y is N(~7,72) and

thusP(3X — Y <0} = F (M‘?‘—n) - F(1) = 0.8413.



