University Solutionsto First Hour Exam ECE 313
of Illinois Spring 2002
1. A winsif thefirst ball drawn isred, or if thefirst and second balls are black and the third isred. The
A 1 3.2, 3 1 3_13
= 2 £ 2 =2 ]
probability |sthus2 + [ 6 & 4] 2 20 20 OR, just list al 20 outcomes and count!

2.(a)

(b)

3.(a)

P(A E B) =P(A) + P(B) —P(A C B). Hence, conditioning on the occurrence of A E B, we have that
P(A E BJA E B)=P(AJA E B) + P(BJA E B)—P(A C BJA E B). But, obviously, P(A E BAE B)=1

and thus we get that P(A C B|A E B) —g g 1= é Similarly, conditioning the result that
P(A A B) =P(A) + P(B) — 2" P(A C B) onthe occurrence of A E B, we get that
P(AA BAE B)=PAJAE B)+PBJAE B)-2 PA CBJAE B):g+£51 -2 %zg

Finaly,sinceAA Bl AE B,PAEBAAB)=

FALSE:. The conditioning needs to be the other way around, as we used in part (a).

TRUE: From Bayes formula, we have that P(C|D) = P(D|C)P(C)/P(D) = P(D|C) if P(C) = P(D).
FALSE!!! If P(DE) = 0, then P(E|D) = P(D|E) will hold even if P(D) * P(E).

S\ _
Thereare (2) =

{I, X} where X isone of {M, M, A}, 2 pairs{M, A}, and the pair {M, M}. The conditional probability
that the sign still seemsto read MIAMI is 1, 1/4, 1/8, and 1/4 respectively for these pairs falling down.
The theorem of total probability thus gives

3 = 10 possible pairs of letters, consisting of the pair {1, 1}, 6 pairs of the form

P{signinIIseemstoreadMlAMl}:[l o116 1.2 111 12 3

100 4 10 8 10 4 10 40 10
(b) From Bayes formula, we get that P{2 M’sfell down |sign still seemsto read MIAMI}
P{S|gn still seems to read MIAMI |2 M’s fell down} P{2 M’ s fell down} 140 _ 1
P{sign still seemsto read MIAMI} T 12/40 12
4.(a) Thelikelihood matrix and maximum-likelihood decision rule is as shown below.
H,: student is from Section A 2 3 1
6 6 6
H,: student is from Section D 3 4 3
10 10 10
Observed classification ® Excellent Good Average

Sanity check: Each row addsup to 1, just asit should for alikelihood matrix. The desired conditional
probabilities can be read off from the likelihood matrix as shaded.

P{ student from Section A is assumed to be in Section D} = P{average student from Section A} = %5

P{ student from Section D is assumed to bein Section A} = P{above average student from Section D} = 11

o
3 213, 7.5_1
Since the probability that the student isin Section A is g e get P{incorrect decision} = 687108 2
More simply, 5 students from Section A and 35 students from Section D, that is, atotal of 40 out of the
80 students, are mis-classified.

(c) Thejoint probability matrix and minimum-error-probability decision rule are as shown.
H,: student is from Section A 23_2 33_3 1.3_1
6 8 16 6 8 16 6 8 16
H,: student is from Section D 3.5_3 4.5_ 4 3.5_3
10 8 16 10 8~ 16 10 8 16
Observed classification ® Excellent Good Average

(d)
5.(a)

(b)

Sanity check: The sum of all the entriesis1. Note that we always decide the student is from Section D!
P{incorrect decision} = P(chosen student isfrom Section A} = g < > the answer in part (b). It better be!

E[X] = Up=3. var(X) = E[(X —3)2] = (1-p)/p? = (23)/(1/9) =6 P E[(X —2)2] = var(X) + (2-3)2 = 7.
More long-windedly, E[(X —2)2] = E[X 2] — 4sE[X] + 4 =var(X) + 32 —4sE[X] + 4= 7.
PX =2} _ P[X=2} _ (233 _ 219 _ 627 _6

X =2 X <8 = <4y T1-P(X >3} 1-(23)3 1-8/27 19/27" 19



