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Assigned:  Wednesday, March 3, 1999
Due: Wednesday, March 10, 1999

Reading: Ross, Chapters4 and 5

Noncredit Exercises: Ross, pp. 173-184: 17, 19, 22, 33, 36, 37, 39, 44, 45;
pp. 184-188: 9, 20; pp. 189-191: 2, 9, 11, 16, 17; pp. 232-237: 1-8; pp. 237-241: 1, 8

Problems:

1. A system worksif and only if all its M subsystems (numbered 1 through M) work. Each
subsystem fails (independently) with probability p. A more reliable system can be obtained
by replicating each subsystem N times as shown in the graph model on the left. Or, we can
replicate the entire system N times as shown in the graph model on the right.
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(a)  For each model, find the probability of (replicated) system failurein terms of p, N and M.

(b)  Supposethat M =5and p=0.2. If it isdesired that the (replicated) system failure
probability be less than 0.001, what should N be in each case?

(¢)  Repeat part (b) assuming that there are M subsystems numbered I, I1, 111, IV, ... , M.
Hint: This homework isdue on March X, MIM.

2. Barney and Betty play agame in which they take turnstossing afair coin. Thefirst oneto
toss a head wins the game. Barney tosses first in each game.

(a)  What isthe probability that Barney wins? that Betty wins?

(b)  Betty soon tires of this game and suggests that it would be more fair for the loser of agame
to tossfirst in starting the next game. Once again, Barney tossesfirst in the first game, so
that his win probability is the sasme asin part (a). Now, let p, and g, = 1 — p,, denote the
probabilities that Barney and Betty respectively win the n-th game. We have just decided
that p; and g; are asin part (). What are p, and g,? What are p; and 03?

(c)  Moregeneraly, show that p, = (2/3) — (1/3)p,., and g, = (2/3) — (1/3)q,.; and use these
difference equationsto find p, and g, in terms of p;and g;. (If you never learned in Math
285 (or ECE 310) how to solve difference equations, assumethat for all values of n,

p,, can be expressed asa + ba", substitute, and solve for a and &; the value of b is obtained
from the “initial condition” p;. Repest for g, — it isthe same difference equation but the
“initial condition” g, is different.)

(d) Whatisthelimitasn® ¥ of p, and g, ? Isthisgame asymptotically fair?

(e) Barney now proposes that instead of the first one to toss a head winning the game, the first
one who matches the previous toss (whether the previous tossis part of the current game or
the last toss of the previous game) wins. Betty accepts but generoudly insists that, as
before, Barney still toss first (so that the poor schmuck has no previous toss to match on
hisfirst toss!). What are p; and g; now?p, and g,? p; and g;? Isthisgame
asymptotically fair? Assumeasin part (b) that the loser of one game tossesfirst in the next
game.

3. The dice game of craps (see Ross, p. 58) begins with the player (called the shooter) rolling
two fair dice. If theresultisa?2, or 3, or 12, the shooter loses, whileif theresultisa7 or
11, the shooter wins.

(a)  What isthe probability that the shooter loses on thefirst roll? What is the probability that
the shooter wins on the first roll?
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If the sum of thediceonthefirst roll isany of 4, 5, 6, 8, 9, 10, that number is called the
shooter’s point. For each number i intheset {4, 5, 6, 8, 9, 10}, find the probability
that the shooter’ s point isi. | need six answers here, folks!

Suppose that the shooter’ s point isi wherei is some number in{4, 5, 6, 8, 9, 10}. The
shooter now rollsthe two dice again. If theresultisa7, the shooter loses (craps out.)

If the result isi, the shooter wins (thisisreferred to as making the point). If theresultis
neither i nor 7, the shooter rolls again. This process continues until the shooter either
makes the point or craps out. Given that the shooter’ spoint isi, what is the conditional
probability that the shooter makes the point? Naturally, the answer dependsoni, so here
too, | need six answers.

Use the above results to compute the probability of winning at craps.

Given that the shooter’ s point is 8, what is the probability that the shooter makesit “the
hard way,” that is, by rolling two fours? Generally, bets are offered at 10-to-1 odds that the
shooter does not make the point 8 the hard way. That is, if you bet $1, you win $10 (plus
your $1 back!) if the shooter makes 8 the hard way; and you lose the $1 that you bet if the
shooter loses out or makes 8 by rolling 2-6, 3-5, 5-3, or 6-2). In the long run over many
such bets, do you expect to make money, or lose money, or come out even?

L et the random variable | p denote the indicator function of an event D, that is,

| (W)_i,l ifwl D,
DW=t ifwi D.

Let A, B, and C denote independent events with probability 1/2, and define the random

variable X by X (w) = [ a(w) + 2l g(W) — I c(W).

What are the values taken on by the random variable X ?

Find the cumulative probability distribution function Fy (u) and the probability mass

function py (u) of the random variable X . Be very careful in specifying the values of Fy (u)

at points where the function is discontinuous.

Which of the following are valid cumulative probability distribution functions (cdfs) ? For
those that are not valid cdfs, state at least one property of cdfs which isnot satisfied. For

those which are valid cdfs, compute P{|X | > 0.5} .
i. O, u < 11
FxW=j2u-u? 1£u£2 (b
1, u> 2.
—_1(1/2) exp (2u), ufo,
P (W =177"174) exp (<3u), u> 0.

_1(1/2) exp (2u), u<ao,
Fx(u) " 11— (1/4) exp (-3u), us3 o.

Let X denote the number of hours that a student works on ECE 340 each week. Itis
known that X isamixed random variable with cumulative probability distribution function
Fy (u) given by
0, u<ao,
(1+u)/8, Ofuc<1il,
1/2, 1£ucx<?2,
'111/2+u/8, 2 £u <4,
1, us 4.
Find the probability that the student
works for exactly 2 hours, (b)  worksfor more than 2 hours,

works for less than 2 hours, (d)  worksfor exactly 3 hours,
works for more than 1/2 but less than 3 hours,

works for more than 2 hours given that the student works at al, i.e. find P{X > 2|X > 0}.
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