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Assigned: Wednesday, February 10, 1999
Due: Wednesday, February 17, 1999

Reading: Ross, Chapter 4.1, 4.3-4.5, 4.7, and Chapter 3

Noncredit Exercises: (Do not turn thesein) Ross pp. 104-117: 1, 2, 4-6, 10, 12, 16, 21, 31,
38, 39, 43-45; pp. 118-122: 4, 23; p. 123; 2,3

Problems:

1. Let X denote a Poisson random variable with parameter | .

(a)  Show that P{X iseven} =exp(- )cosh(l ). Don’t forget that O is an even integer!

(b)  InProblem 4 of Problem Set #3, you proved (I hope!) that the probability that a binomial
random variable with parameters (n,p) has even valueis [1+(1 —2p)")/2. For large n and
small p, show that [1+(1 — 2p)"]/2 » exp(—np)cosh(np), which is consistent with part (a).

2. Suppose that 105 passengers hold reservations for a 100—seat flight from Chicago to
Champaign. The number of passengers showing up for the flight can be modeled asa
binomia random variable X with parameters (105,0.9).

(a) Find the probability that all passengers who show up get seats, i.e. find P{X £ 100} .

(b)  Explain why the number of no-shows can be modeled as a Poisson random variable Y, and

compute the value of the parameter | .
(c)  Compute the probability that all passengers who show up get seats based on this Poisson
model, i.efind P{Y 3 5}, and compare to the “more exact” answer of part (a).

3. [The Once and Future King] Y ou aretrying to persuade an empty-headed monarch that
you can foresee the future. 'Y ou offer to forecast what happens on repeated independent
tosses of abiased coin of the realm which you happen to know has P(Heads) = 0.11.

(a)  Theskeptical king asks you to predict the number of heads that will occur on the next 1000
tosses and promises to execute you if your guess iswrong, just to make it more interesting.
Which number should you predict and why? What is the probability that the 1000 coin
tosses do result in the number of heads you predicted?

(b)  Youluck out and guessright in part (2). The next day, the king asks you to predict how
many tosses will be required to observe the next Head. Which number should you predict
and why? What is the probability that a Head does occur for the first time on the toss you
predicted?

(c)  Sinceyou guessed right twice in arow, the king is thinking that you can indeed see into the
future, and assigns a harder problem: predict the number of tosses required to observe a
Head for the 105th time. Which number should you predict and why? What isthe
probability that a Head does occur for the 105th time on the toss you predicted?

Courtiersjealous of your growing fame substitute a coin bearing an image of theking's
father. Fortunately, thisis observed by your trusty sidekick who tells you that the coin to
be used tomorrow is different. Naturally you are reluctant to make further predictions
about the coin. To forestall further requests for amazing demonstrations of your powers,
you tell the king that you have the power to estimate probabilities from experimental data,
and the king, who flunked out of ECE 313, isduly impressed. Hetellsyou that heis
going to toss the coin 1000 times and that you are to estimate P(Heads) = p.

(d)  Heads occurred for thefirst time on the 12th toss. Y ou consider announcing the value of p
right away (without waiting for the 1000 tosses to be completed). What is the maximum-
likelihood estimate of the value of p? that is, what value of p maximizes the probability of a
Head occurring for the first time on the 12th toss?

(e)  Youdecidethat maybeitis best to wait for the results of some more tosses before deciding
on your estimate of p. The 300th head occurred on the 994th toss. What value of p
maximizes the probability of a Head occurring for the 300th time on the 994th toss?
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Y ou sensibly decide to wait out the last 6 tosses also, and al of these result in Tails. What
isyour estimate of the value of p after 1000 tosses?

You aready knew after 994 tosses that 300 heads occurred. The last 6 tosses did not result
in Heads and thus conveyed no information about p. So why isn't the maximum-
likelihood estimate of p in part (f) the same as the estimate in part (€)?

[Noncredit thought problem] Why was the king described as empty-headed? |s his father
equally dumb?

Y ou believe that the Fighting Illini (or the Bears or the Blackhawks or the Cubsif you
prefer) have probability p of winning a game, where each game can be considered to be an
independent trial. Being afair-minded pessimist, you want to place afair bet (that is, one
that you have aroughly 50% chance of winning) on the length of the losing streak. You
bet on a number, and you win if the losing streak is at least that long. What number should
you bet on? (It isafunction of p, of course!). The number you will find is the median
length of losing streaks. Roughly 1/2 of the losing streaks will be longer and roughly half
will be shorter than this number.

This problem on conditional probability has three unrelated parts.

If P(AB) = 0.3, P(Ac|Bc) = 0.4, and P(B) = 0.7, find P(A|Bc), P(A), and P(BJA).
If P(E) = /4, P(FIE) =1/2, and P(E[F) = 1/3, find P(F).

If P(G) = P(H) = 2/3, show that P(GH) 3 1/2.

Monty Hall, the host of the TV game show “Let’'s Make A Deal ™", shows you three
curtains. One curtain conceals a vauable prize, while the other two conced junk. All three
curtains are equally likely to conceal the prize. He offers you the following “deal”: pick a
curtain, and you can have whatever is behind it. When you pick a curtain, instead of
giving you your just deserts, Monty (who knows where the prize is) opens one of the
remaining curtains to show you that there isjunk behind it, and offers the following “
improved dea ™" : you can either stick with your original choice, or switch to the
remaining (unopened) curtain. Amidst the deafening roars of “ Stand pat” and “ Switch, you
idiot” from the crowd, Monty points out that previously your chances of winning were 1/3.
Now, since you know that the prize is behind one of the two unopened curtains, your
chances of winning have increased to 1/2, and thus the new improved deal isindeed better.
Use the theorem of total probability (Ross, Equation (3.1), Chapter 3) to determine

the probability of winning if you always switch.

the probability of winning if you would rather fight than switch.

whether Monty is correct in asserting that if you choose randomly betweeen the two
unopened curtains, you have a probability of winning of 1/2.

Note: Everybody knows that the rules of the game are that Monty always opens one of the
two unchosen curtains and he always offers the “new improved deal,” i.e. he never opens a
curtain to reveal the prize (saying “ Oops, you lose; return to your seat”)

Comment: Before solving the problem, you may want to try playing this gamefirst. Seefor

example, http://ww. mat h. ui uc. edu/ ~s-1iu7/ st at/week6/ VH. ht n

At the County Fair, you see aman sitting at atable and rapidly rolling a pea between three
walnut shells. “Step right up, me bucko, and try your luck! The hand is quicker than the
eyel” he says, and hides the pea under one of the shells. Y ou have no ideawhich shell is
covering the pea, but, not willing to appear atota rube, you point to one shell at random
and bet that the peais under it. The man picks up one of the shells that you didn’t choose,
and shows you that the peais not underneath that shell. He asksif you would like to
switch your bet to the other unchosen shell. Should you accept the offer? Why or why
not? How, if at all, does this game differ from the one analyzed in Problem 67?



