
Agenda

Final Review I (Post-midterm2)
• BHT

• Joint Probability

• Estimators

• Functions of RV



Binary Hypothesis Testing

• Likelihood matrix/ function 
• 𝑓𝑖(𝑘) = 𝑃{𝑋 = 𝑘|𝐻𝑖}

• Likelihood Ratio Λ(𝑘) =
𝑓1 𝑘

𝑓0 𝑘

• ML method - 𝑓1 𝑘  𝑣𝑠. 𝑓0(𝑘)   or Λ 𝑘 > 1?

• Joint Probability Matrix 𝑃(𝑋𝑖𝐻𝑖)

• MAP method - Λ 𝑘 > 𝜏𝑀𝐴𝑃 =
𝜋0

𝜋1



Example -  

Let 𝑓1 ∼ 𝑁(𝜇 = 1, 𝜎2 = 2) and 𝑓0 ∼ 𝑁(𝜇 = 0, 𝜎2 = 1)
• Find ML rule and MAP rule corresponding 𝑃𝑚𝑖𝑠𝑠, 𝑃𝑓𝑎𝑙𝑠𝑒 𝑎𝑙𝑎𝑟𝑚



Joint Probability Density

𝑋 and 𝑌 are described by 𝑓𝑋,𝑌(𝑢, 𝑣)

• 𝐸 𝑔 𝑥, 𝑦 = ∞−׬

∞
∞−׬

∞
𝑔(𝑢, 𝑣)𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣

• Double integrate over 𝑥 and 𝑦

• 𝑓𝑌|𝑋 𝑣 𝑢0 =
𝑓𝑋,𝑌 𝑢0,𝑣

𝑓𝑋 𝑢0

• Conditional distribution
• Useful in unconstrained estimator

• 𝑓𝑋 𝑢 = ∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣    and   𝐸 𝑋 ∞−׬ =

∞
𝑢 ∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣 𝑑𝑢

• Marginalization

𝑓𝑋 𝑢

𝑓𝑋,𝑌 𝑢, 𝑣

𝑥 = 𝑢0

𝑓𝑌|𝑋 𝑣 𝑢0



Example

𝑓𝑋,𝑌 𝑢, 𝑣 = ቊ
𝐴(1 − |𝑢 − 𝑣|)

0
 𝑖𝑓 0 < 𝑢 < 1, 0 < 𝑣 < 1

𝑒𝑙𝑠𝑒
• Solve 𝐴

• Find 𝑓𝑋(𝑢) and 𝑓𝑌(𝑣)

• Find 𝑃{𝑋 + 𝑌 < 1|𝑋 >
1

2
}



Estimators 

• Constant estimator 
• 𝑐∗ = 𝐸[𝑌],    MSE = 𝑉𝑎𝑟(𝑌)

• Unconstraint estimator
• 𝑔∗ 𝑋 = 𝐸 𝑌 𝑋   MSE=𝐸 𝑌2 − 𝐸 𝐸 𝑌 𝑋 2 = 𝐸 𝑌2 − 𝐸[ 𝑔∗ 𝑋

2
]

• Best estimator, but requires 𝑓𝑌|𝑋

• Linear estimator

• ෠𝐸 𝑌 𝑋 = 𝜇𝑌 +
𝐶𝑜𝑣 𝑋,𝑌

𝑉𝑎𝑟 𝑋
𝑋 − 𝜇𝑋 = 𝜇𝑌 + 𝜌𝑋,𝑌𝜎𝑌(

𝑋−𝜇𝑋

𝜎𝑋
)

• MSE= 𝜎𝑌
2 −

𝐶𝑜𝑣 𝑋,𝑌
2

𝑉𝑎𝑟 𝑋
= 𝜎𝑌

2(1 − 𝜌𝑋,𝑌
2 )



Example

𝑓𝑋,𝑌 𝑢, 𝑣 = ቊ
𝑐(𝑢 + 𝑣)

0
 𝑖𝑓 0 < 𝑢 < 1, 0 < 𝑣 < 1

𝑒𝑙𝑠𝑒
• Find 𝑐∗ for 𝑌

• Find 𝐸[𝑌|𝑋]

• Find ෠𝐸[𝑌|𝑋]



Functions of RVs

• Single RV 𝑌 = 𝑔(𝑋)
1. Find  support  of 𝑋 and 𝑌
2. Find 𝐹𝑌(𝑐) from integrating 𝑓𝑋(𝑥) over {𝑥: 𝑔 𝑥 ≤ 𝑐}
3. Get 𝑓𝑌 = 𝐹𝑌′

• Multiple RV 𝑊
𝑍

= 𝐴
𝑋
𝑌

,  where 𝐴 =
𝑎 𝑏
𝑐 𝑑

• 𝑓𝑊,𝑍 𝛼, 𝛽 =
1

det 𝐴
𝑓𝑋,𝑌(𝑢, 𝑣) =

1

det 𝐴
𝑓𝑋,𝑌(𝐴−1

𝛼
𝛽 )



Example

𝑊 = 2𝑋 − 𝑌, 𝑍 = 𝑋 + 2𝑌. Express 𝑓𝑊,𝑍(𝛼, 𝛽) in terms of 𝑓𝑋,𝑌

•
𝑊
𝑍

=
2 −1
1 2

𝑋
𝑌

• 𝐷𝑒𝑡 𝐴 =

• For 𝑊, 𝑍 = (𝛼, 𝛽), 𝑋, 𝑌 =

• 𝑓𝑊,𝑍 𝛼, 𝛽 =
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