Last lecture

More examples on joint RVs (Ch 4.6)
* Buffon’s needle problems
e Maximum likelihood estimator

Joint pdfs of functions of RV (Ch 4.7)
* Linear mapping function (Ch 4.7.1)



Agenda

Joint pdfs of functions of RV (Ch 4.7)
 Linear mapping function (Ch 4.7.1)

Correlation and covariance (Ch 4.8)
e Definition
* Properties
 Examples



Joint PDF properties

Suppose (VZV) =A ();) where det(4) # 0

1
* fW,z(Ol;,B) = |det(A)|fX,Y(u» V)
e |ntuition-W =2X+Y,Z=X-Y

A
v I




Example

W=X-Y,Z=X+Y.Express fy, z(a,f) interms of fy y
- (z)=l 71G)
« Det(4) =

* For (W;Z) = (O!,,B), (X, Y) =

* fW,Z(auB) =



Example

Suppose X and Y are continuous independent RVSs.
e W=X+Y,Z=Y

* Findfy z(a, B) and fy, ()



Correlation and covariance



Definition

Metrics such as mean/ variance is more convenient than PDF/ CDF
* Recalluy = E[X],Var(X) = E[(X — ,uX)Z]
* Forjointly distributed X and Y

« Covariance Cov(X,Y) =
e (Correlation coefficient Pxy =
* Pxy €

* Cross moment E|XY] (less used)



Definition

* Cov(X,Y)=E[(X —ux)(Y — py)]

e Uncorrelated -
__ Cov(X)Y)
Pxy = s

« T:X andY hasthe same trend
* pxy > 0:Positively correlated




Cov(X,Y) = E[(X — ux)(Y — py)]

Properties = E[XY] — uxpy
_ Cov(X,Y)
Some properties for independent and uncorrelated Pxy = Oy Oy
* Independent uncorrelated
« E|XY]=
* Uncorrelated iIndependent

* Multiple RVs are uncorrelated if they are pairwise uncorrelated



Cov(X,Y) = E[(X — ux)(Y — py)]

Properties = E[XY] — pxpy
_ Cov(X,Y)
Some properties for independent and uncorrelated Pxy = Oy Oy
e Cov(X+Y,U+V)=Cov(X,U)+ Cov(X,V)+ Cov(Y,U) +
Cov(Y,V)

e Cov(aX+ b,cY +d) =acCov(X,Y)

* |fX andY areindependent
e Var(X+Y)=Cov(X+Y,X+Y)=Cov(X,X)+ Cov(Y,Y)



Cov(X,Y) = E[(X — ux)(Y — py)]

Example = E|XY] — uxuy
_ Cov(X,Y)
Simplify the following expressions: PXY = oy

e Cov(8X + 3,5Y —2)
e Cov(10X —5,—3X + 15)

e Cov(X +2,10X — 3Y)

P10ox,y+4



Example

Suppose the covariance matrix of RV vector | X,

Find Cov(X; + X5, X; + X3)
Find a s.t. X, — aX; is uncorrelated with X;

Find py. x,

Find Var(X; + X, + X3)
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