
Last lecture

Independent RV (Ch 4.4)
• Examples

Sum of joint RVs (Ch 4.5)
• Motivation
• Discrete RVs & Examples



Agenda

Sum of joint RVs (Ch 4.5)
• Continuous RVs & Examples
• Sum of Gaussians

More examples on joint RVs (Ch 4.6)
• Max of two RVs
• Buffon’s needle problems
• Maximum likelihood estimator



Sums of Continuous RVs

Let 𝑆 = 𝑋 + 𝑌
• 𝐹𝑆 𝑐 = 𝑃 𝑆 ≤ 𝑐 =

• 𝑓𝑆 𝑐 = 𝑑𝐹𝑆 𝑐
𝑑𝑐

=

If 𝑋 and 𝑌 are independent

• 𝑓𝑆 𝑐 =
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Examples

Suppose 𝑋 and 𝑌 are independent, 𝑋, 𝑌~𝑈𝑛𝑖𝑓𝑜𝑟𝑚[0, 1]. Find the pdf of 
𝑆 = 𝑋 + 𝑌

• 𝑓𝑆 = 𝑓𝑋 ∗ 𝑓𝑌
• What is 𝑓𝑌 𝑐 − 𝑢 ?

• If 0 < 𝑐 ≤ 1,  𝑓𝑋 ∗ 𝑓𝑌 =
• If 1 < 𝑐 ≤ 2,  𝑓𝑋 ∗ 𝑓𝑌 =
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Notes on Gaussian

Assume 𝑋~𝑁(0, 𝜎1
2) , 𝑌~𝑁(0, 𝜎1

2) 
• Sum of two Gaussian of same mean

• Mean keeps the same
• 𝜎𝑆

2 = 𝜎𝑋
2 + 𝜎𝑌

2

• Tedious proof in textbook formula (4.20)
• But high-level idea - approximate by Binomials…
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Var (Bx) = up (l-p)

Van (Bs) = (+p(l-p) = Var (Bx) +
Var(By)



More examples on joint RVs

「



Max of two RVs

Let 𝑊 = max(𝑋, 𝑌)
• 𝐹𝑊 𝑡 = 𝑃 𝑊 ≤ 𝑡 =

• 𝑓𝑊 𝑡 = 𝑑𝐹𝑊 𝑡
𝑑𝑡

=

Abstract – on 𝑃 𝑊 ∈ (𝑡, 𝑡 + ℎ] = 𝑓𝑊 𝑡 ℎ + 𝑜(ℎ)
• Case (a):  𝑌 ≤ 𝑡, 𝑋 ∈ (𝑡, 𝑡 + ℎ]
• Case (b):  𝑋 ≤ 𝑡, 𝑌 ∈ (𝑡, 𝑡 + ℎ]
• Case (c): 𝑋 ∈ (𝑡, 𝑡 + ℎ], 𝑌 ∈ (𝑡, 𝑡 + ℎ]
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Slido

Let 𝑊 = min(𝑋, 𝑌), 𝑋 and 𝑌 are continuous 
independent RVs. What is 𝑓𝑊(𝑐)?

(a) 𝑓𝑋 𝑐 + 𝑓𝑌(𝑐)

(b) 𝑓𝑋 𝑐 𝐹𝑌(𝑐) + 𝑓𝑌 𝑐 𝐹𝑋(𝑐)

(c) (1 − 𝑓𝑋 𝑐 )𝐹𝑌(𝑐) + (1 − 𝑓𝑌 𝑐 )𝐹𝑋(𝑐)

(d) 𝑓𝑋 𝑐 (1 − 𝐹𝑌 𝑐 ) + 𝑓𝑌 𝑐 (1 − 𝐹𝑋 𝑐 )

(e) (1 − 𝐹𝑌 𝑐 ) (1 − 𝐹𝑋 𝑐 )
(f ) (1 − 𝑓𝑋 𝑐 )(1 − 𝐹𝑌 𝑐 ) + (1 − 𝑓𝑌 𝑐 )(1 − 𝐹𝑋 𝑐 )
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Buffon’s needle problem

• Draw many parallel horizontal lines
• Space 1 inch between two lines
• Throw a needle of 1 inch length on the plane
• Find 𝑃{ “The needle intersect with a line“ }

Define 𝑈 = “distance from the needle lower end to the first line above

= 会


