
Last lecture

Binary Hypothesis Testing with continuous distribution (Ch 3.10)
• Example

Jointly Distributed RV/ Joint CDF (Ch 4.1)
• Motivation
• Definition
• Properties



Agenda

Joint PMF (Ch 4.2)
• Definition
• Example

Joint PDF (Ch 4.2)
• Definition
• Example



Joint PMF

If 𝑋 and 𝑌 are discrete, joint PMF 𝑝𝑋,𝑌 𝑢, 𝑣 = 𝑃{𝑋 = 𝑢, 𝑌 = 𝑣}

Marginalization
• Getting single RV PMF/ PDF from joint PMF/ PDF
• 𝑝𝑋 𝑢 = σ𝑣𝑗

𝑝𝑋,𝑌(𝑢, 𝑣𝑗)   called “marginal PMF”

Conditional PMF

• 𝑝𝑌|𝑋 𝑣 𝑢0 =
𝑝𝑋,𝑌 𝑢0,𝑣

𝑝𝑋(𝑢0)



Example

Given joint PMF 𝑝𝑋,𝑌 as the table, find 
• 𝑝𝑋

• 𝑝𝑌

• 𝑃 𝑋 = 𝑌

• 𝑃 𝑋 > 𝑌

• 𝑝𝑌|𝑋(𝑣|2)



Joint PDF



Joint PDF

If 𝑋 and 𝑌 are continuous, joint PDF 𝑓𝑋,𝑌 𝑢, 𝑣  s.t.
• 𝐹𝑋,𝑌 𝑢, 𝑣 = ∞−׬

𝑢
∞−׬

𝑣
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣𝑑𝑢

• 𝑃 𝑋, 𝑌 ∈ 𝑅 = ׬ 𝑅׬
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣 for piecewise diff. 𝑅

• 𝑓𝑋,𝑌 𝑢, 𝑣 ≥ 0  for any 𝑢, 𝑣 ∈ ℝ2

• ∞−׬

∞
∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣 =

 LOTUS: 𝐸 𝑔 𝑋, 𝑌 ∞−׬ =

∞
∞−׬

∞
𝑔(𝑢, 𝑣)𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣

• 𝐸 𝑋 =



Joint PDF

𝐸 𝑔 𝑋, 𝑌 ∞−׬ =

∞
∞−׬

∞
𝑔(𝑢, 𝑣)𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑢𝑑𝑣

• 𝐸 𝑎𝑋 + 𝑏𝑌 + 𝑐 =

Marginalization - Projection
• 𝑓𝑋 𝑢 = ∞−׬

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣

• 𝐸 𝑋 ∞−׬ =

∞
𝑓𝑋,𝑌 𝑢, 𝑣 𝑑𝑣

Conditional PDF - Slice

• 𝑓𝑌|𝑋 𝑣 𝑢0 =
𝑓𝑋,𝑌 𝑢0,𝑣

𝑓𝑋 𝑢0

• Conditional expectation 𝐸 𝑌 𝑋 = 𝑢0 = ∞−׬

∞
𝑣𝑓𝑌|𝑋 𝑣|𝑢0 𝑑𝑣



Example

Given  𝑓𝑋,𝑌(𝑢, 𝑣) = ቊ
 𝑐(1 − 𝑢 − 𝑣)

0
 

𝑖𝑓 𝑢, 𝑣 ≥ 0, 𝑢 + 𝑣 ≤ 1
𝑒𝑙𝑠𝑒

, solve 

• 𝑐

• Marginal PDF 𝑓𝑋 𝑢

• Conditional PDF 𝑓𝑌|𝑋(𝑣|𝑢0)



Uniform joint PDF

If pdf are constant over support 𝑆

• 𝑓𝑋,𝑌 𝑢, 𝑣 = ቐ
 

1

𝑎𝑟𝑒𝑎(𝑆)

0
 

𝑖𝑓 𝑢, 𝑣 ∈ 𝑆
𝑒𝑙𝑠𝑒

• 𝑆 can be none-rectangular

• 𝑃 𝑋, 𝑌 ∈ 𝐴 =
𝑎𝑟𝑒𝑎 𝐴∩𝑆

𝑎𝑟𝑒𝑎(𝑆)



Example

Let (𝑋, 𝑌) uniformly distributed over the uniform disk. 

• 𝑓𝑋,𝑌(𝑢, 𝑣) = ൜
 𝑐
0

 𝑖𝑓 𝑢2 + 𝑣2 ≤ 1
𝑒𝑙𝑠𝑒

, solve

• 𝑐

• 𝑃{𝑋 ≥ 0 ∩ 𝑌 ≥ 0}

• 𝑃{𝑋2 + 𝑌2 ≤ 𝑟2}

• 𝑓𝑋 𝑢

• 𝑓𝑌|𝑋(𝑣|𝑢0)
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