Last lecture

Functions of a random variable (Ch 3.8)
 Examples for
 (Case by case
* g iscosine/ tangent
* General form of increasing function g
* Create uniform distribution using CDF as a function

U= Fx (X)



Agenda

Generating a customized RV (Ch 3.8.2)
e Intuition g = Fy!
 Examples
e Uniform to Exponential
* Uniform to D6 outcome
* Arearule—Compute E|[X] using Fy (Ch 3.8.3)

Binary Hypothesis Testing with continuous distribution (Ch 3.10)

e (Qverview
e Example



Generating a customized RV

If we want to generate (sample ) X = g(U~Uni([0,1])) to fit Fy

o U=Fy(X)e— App fo- ol X, J

* KOU) =X u  F(u)

* g =Fy',butFy' maynotbeafunction g, M e
* Fx(cq) = Fx(cy) P e P

» ForanyF, define Ao /»S‘

F~1(u) = min{c: F(c) = u} —y o
e F:c—>u, Fl:u->c e “
/':"X Swpp v

F~Y(uy) < ¢y ifand onlyifuy < F(cy)
e Fy(c)=P{FY(U)<c}=P{U<F(c)}=F(c)



Example — Uniform to Exponential

(U)~Exp(A = 1) when U~Uniform([0,1])
1—e “=uforc=0 'F(-t) - e -At
= F'(u) interms ofu

c gw)=Ftw)=—-In(1—-u) for0<uc<1i
Check, ifc = 0 =) Suppot of Exp,
e P{—-In(1-U)<c} =P{In(1-U) = —c}
3( V) =P{1—-U=e °}
=P{U<1—-—e“}=F(c)



Example — Uniform to Exponential

Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])
e F(c)=1—e “=uforc=>0
e Find g(u) = F~1(u) in terms of u

e 1—e“=u
e ¢=-In(1-u)
c gw)=Ftw)=—-In(1—-u) for0<uc<1i
* Note - g isnotunique
e E.g.Uand1 — U are alluniform, so —lnu is also avalid g



Example — Uniform to Dice outcome

Find g s.t. g(U)~{“Fair die distribution”} when U~Uniform([0,1])
' AA
. F(i)=ﬂ=uforlsi36

y g(u)— F~1(w)
. g(u)—lwhere7<u< lforo0<u<1




The area rule for expectation based on the CDF

E[X] = Areat — Area™ = foo(l — Fy(c))dc — fo FX(c)dc

E[X] = E[F{ ()] = fol(u)du i)~ f &)43
c T W
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Slido T 1
Order the E[X] from hightolow A CGQ

(A) Fx(c) 4~ - l (B)
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Binary Hypothesis Testing on Continuous Distribution



Overview
= bonditin. om H‘ v

Similar to discrete, but with some changes
* PX=ulH} - fi(w) 'r’cdf/wpp(
* Likelihood Rati6é A(u) = ,’C‘ Uﬁ).
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Figure 3.27: N(0,1) and N(0,4) pdfs and ML threshold K.



