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LECTURE 25 . THE CENTRAL LIt THEOREM ANP THE GAUSSIAN  APPROXIMATION
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= THE CENTRAL LT THEOREM ANP THE GAUSSIAN  APPROXIMATION

>  THE CENTRAL L1MIT  THEOREM ANP THE GAUSSIAN  APPROXIMATION

MAIN IDEA . IF  MANY  [NDEP. RV5 ARE ADDED TOGETHER , AND IF  EACH OF THEM

(6 SMALL IN MAGNITYUDE COMPARE D TO THE 5UM, THEN THE SuM

HAS AN APPRDXIMATELY GAVSSIAN DISTRIBUTION .

THAT (5, \F THE SUM 15 X  wITH

EX=MW aAnD War X = v’—)

AND  F X~ N T

THEN THE CDF oF X AND THE CDF OF X ARE  APPROKIMATELY THE SAME, I.E.,

() :=@(xcc) & B\ () = @R zc) (QAVSSIAN  APPROXIMATION)

AN  IMPORTANT GPECIAL CASE OF  THE GAUSS (AN  APPRDXIMATION

INDEP.
X = s5om  OF m  BERNOULLI RVS | EACH WITH (PARAMETER (P

> X ~  BINOMIAL (M, @)



EXAMPLE - X~ BINOMIAL (10, -2)

Ex = 2 AND Vor X = 16

LeT X~ N(2, '6). we PLOT THE €DFS OF X AND X A5  FOLLDWS:
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Figure 3.12: The CDF of a binomial random variable with parameters n = 10 and p = 0.2, and the
Gaussian approximation of it.

NOTE THAT (Fx AND FY ARE CLOSE BUT NOT EVERYWHERE A5 (Fy 15  PIECEWISE CONSTANT
(6TEP FUNCTION) wiTH  JUMPS AT INTEGER POINTS | AND Fe 165 CONTINUDUS.

X

NOTICE, HOWEVER  THAT F'X AND F}\{ ARE PART(CULARLY CLOSE  WHEN THE  ARGUMENT (g

HALFWAY  BETWEEN TWO INTEGBRS, I'E.,

FR(rros) = 'B(kt0s) ; Kk inreaeR
How? : TABLES!

FOR  EXAMOLE : Fy (28) = 06678 = F§C’l~5) = 06537

5INCE X 15 AN  (NTEGER-VALUED RV, (2) = ®(25) =~ & (25)

—_—

N



50 Fy(2'5) 15 A FAIRLY GDOD APPROXIMATION OF (R (2). IN PARTICULAR, IT5 A

/

BETTER) (APPROX(MATION THAN Fg(2) 15 — IN THS  CASE FSZ@ = 05.

IN  GENERAL, WHEN X 15 AN INTEGER- VALURFD RV, THE (GAUSSIAN  APPRDX|MATION

WITH  CONTINUITY CORRECTION )

?

Fx(k) ~ F}?Ck-\— 0'5)

WHY SUBTRACTION ?

v
SIMILARLY, WE HAVE: pix >k} x @PiX > k-05%

FURTHEAMORE, THE (APPROX(MATION [MPROVES AS M INCREASES.

FOR EXAMPLE X~ BINOMIAL (30, -2)
Ex = 6 AND WVorx = L8
LeT X ~ N(6, 48). we PLOT THE @EDFS OF X AND X A5  FOLLOWS:
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Figure 3.13: The CDF of a binomial random variable with parameters n = 30 and p = 0.2, and the
Gaussian approximation of it.



FOAMAL (GTATEMENT (0F (THE (FlRsT) (CENTRAL (LIM\T THEOREM  BY  DEMOIVRE AND LAPLACE

n:  POSITIVE (NTEGER AND 0< P« |

S~ einomiAL (M, @), 1E., BESyp = TP AN WarSnp = MPUP)

Snwp - TP

NETED)

> (STANDAR(ZED VERGION OF Sy =

£oR A FIXED P € (0,1) AND ANY  CONSTANT C

F5’ﬂp (c) — @© AS N — = (CONVERGENCE IN DISTRIBUTION)
7/

pg S - . c}

¢ (¢

EQUIVALENTLY | Lim

N -0 NET IR

AL50 1 - R, @ — 1-0© = Q) AS N —
7/
Snjp - M _
EQUIVALENTLY Lim P4 _'"’E___? > ¢} = ®(c)
N—romo \")’IP(\—D)
EXAMPLE (a) A FAIR COIN 15 FLIPPED A THOUSAND TIMES ( INDEPENDENTLY )
x  # 0F TIMES HEADS SHOwWS

USE THE GAUSSIAN APPRDX. WITH CONT. CORRECTION TO FIND K 5SUCH THAT

PiX > K} x (00l



5oLV TION : X ~ BINOMIAL (M = 1000, B)= 05)

> EX = 500

Var X = 1000 (0'5) (0°5) = 250 =~ 158

% 5 INTEGER -VALVED

PY X > K} = @1 X » K-05%
X - 500 - 0'5- 500
- pr X-50 > K—0'5 }
158 15.8
- ® ( K—O-S-M)
- T
FROM TABLES, ® (2 2%5) + 0 0l
WE  WANT K SGUcH THAT K-05-500 _ 3 235
15. 8
> K= 63726
> K = 65637 OR 538 S5HOULD WORK

A THOUSAND TIMES, THERE 15 A 1/

(NTER PRETATION (F A FAIR CoiN 1S FLIPPED

CHANCE To GET HEADS MORE THAN 53.7° OF THE TIMES|

FLIPPED A  MILLIDN TIMES |

(b) REPEAT, BUT NOW ASSUME  THg COIN 15

50LUTION: EXERLSE]



