ECE 315 / MATH 362 PROBABILITY witH ENGINEERING APPLICATIDNS

LECTURE Z2%: RANDOM PROCESSES

. topics 10 COVER  (BASED ON (W 3.5)

- INTRODVCTION

7 DERANOULLl PROCESSE 5

e POIL50N  PROCESSES

g INTRODVUCTION

A RANDOM PROCESS (5 AN INFINITE SEQUENCE OF (RANDOM (VARIABLES USVALLY

OCCURING Vel TIME.

e DERNOULL1 PROCESSE 5

Xi0 %, Xy oo Xi ~ BERNOULLI (P) ¥ L INDEPENDENTLY

¢

RANDOM OUTCOME OF THE &th BERNOVLLI TRIAL

IN AN INFINITE SE®. 0F TRI1ALS

E G SYSTEM (FAILURE EVENTS OVER AN  INFINITE SER. 0OF DISCRETE TIME POINTS
RECALL (S, F P) : (PROBABILITY (SPACE
FoR  ANY wen Xp(w) REALIZED VALVE OF Xg
T niue
X (w), Xy (w),  Xyw) .., Ke(w), ... . GAMPLE PATH OF A  BERNOULLY

PROCESS FOR OUTCOME W € )



REFER 10 THE FOLLOWING FIGURE :
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Figure 2.6: Depiction of a sample path of a Bernoulli process.
L‘ # 0F TRIALS NEEDED UNTIL THE OQUTCOME OF A TRIAL 15 ONE
By ~ GEOMETRIC (1P)
Ly 4 OF TRIALSG, AFTER THE F(RST (L) TRIALS, UNTIL AGAIN  THE QUTCOME OF
A TRIAL 15 ONE--
Lg_ ~ GEOMETRIC (D)
Ly  OF TRIALG NEEDED AFTER THE FIRST L) +Lge-~ + L, TRIALS, UNTIL
THE 0UTCOME  OF A TRIAL |5 ONE.
Lo, Loy, by, o INDEPENDENT RAVs  EACH €0LLOWING  GEDMETRIC (P)
NOTE THAT THE VARIABLES (b, b2, ..., Ly,... ARE DETERMINED BY Xi, %2y o, K,
AND VICE- VERSA |



wWE HAVE TwD MORE WAYS TD DESCRIBE THE  BERNDULL] RANDOM  PROCESS.

> 6] : #* 0F TRIALS, COUNTING FROM THE VERY FIRST ONE, UNTIL A TOTAL

OF ) TRIALS HAVE  OUTCOME  ONE

»
(S
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Ly + Ly + + Ly R

\Y

ALS50, Ly = S5- 8j-, WITH Gg =0

9 ~ NEGATIVE B(NOMIAL (3, (P)

- Ck CUMULATIVE % OF ONES (N THE FIRGT Rk TRIALS
AL50, Xk = Cp - Ck-, W' TH Co =0

Cp ~ Binomial (R, )



e POIL50N  PROCESSES
RECALL THE  BEANDULLI PROCESS DIsCusstEd ABOVE. LET h7o , witH h REPRESENTING
THE  AMOUNT OF TIME. SUPPOGE EACH TRIAL IN THE  BERNDULL\ PROCESS TAKES h
TIME UNITS TD PERFORM , A  TIME- SCALED BEANOULLI RANDOM PROCESS TRACKS
THE # O0€ COUNTS VERSYUS TIME . REFER TO THE FOLLOWING FI4URE
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Figure 3.8: (a) A sample path of a Bernoulli process and (b) the associated time-scaled sample
path of the time-scaled Bernoulli process, for h = 0.1.
DEFINE tHE FOLLODWING RVS .
o = th AMOUNT OF TIME BETWEEN  THE (3-1) COUNT AND THE 3 TH COUNT
‘ 3
. f-; = h@ THE T(ME THE  JTH  COUNT  OCLURS
(. Ny =  Clempg # OF COUNTS UPTD TIME %
TIME- SCALED  BERNOULLI PROCESS



WE NEXT INTAADDUCE THE 001550N PROCEGS.

LET A 15 FIXED AND h 15 50 SMALL  THAT Pp= Ah 15 MUCH GSMALLER THAN 1

WE CAN APPROXIMATE THE  SCALED - BERNDULLI PROCESS AS  FOLLOWS!

- Ly ~ Geowetric ((p)
GEOMETRIC

AND  SCALED VERSION OF Ly , NAMELY U = hiEj ~ ExPONENTMAL (A= (/)

4 FKED N, . sum OF L¥/hl  @BRNOULLI(B) RVs
> Ny ~ BinomiAL( Lt/nl, (p= ah)
BN, = Lt/nl - ah = A%

RECALL THAT A5 N —w AND P —o WITH np — A

BINOMIAL (M, (P) —  POISSON(2)

WE HAVE h—0 > (P = 2Ah — 0

THINK ADUT 1T LYl — @ Wyl Ah = 2t
A5 h —o | Ny —  POI55ON (2t)
MORE  GENERALLY ,  (IF 0£5<t, THEN

Ny = Ny —  PpissoN ( A(%-5)) INDEPENDENTLY



FORMAL DEFIN|TION OF A POISSON  PROCESS

GIVEN (0, @&®) A SAMPLE PATH OF A  POISSON  PROCESS ( i-e, THE FUNCTION

/

TIME THE PROCESS YIELDS — FOR  SOME  PARTICULAR. W EN) 15 SHOWIN (N THE

FOLLOWING  FIGURE:

‘T3

Figure 3.9: A sample path of a Poisson process.

t 7o , Ny - CUMULATIVE # Of COUNTS ULPTO TIME &

COUNT TIMES

Vi, Up .. 3 INTER COUNT  TIMES
z | A TRUE,
_ S 1 WHERE Ty = i '
Mo = M= -9 2 0, OTHERWISE -
o = MIN 46 Ng>™}

OF



15 A RANDOM (DUNTING PROCESS

LET A %@ . A POIGSON PROCESS WITH RATE A
N = (Ng : +7%@0) SvucH THAT
N.1 N HAS INDEP.  INCREMENTS : (IF 04tg L4y £ ... 2ty , THE INCREMENTS
Ne- Ny, o Ne, =Ng o, Ny - Nep | ARE (NDRPENDENT .
N.2 THE  INCREMENT  N,- Ny MNAs  THE  POISSON (A (t-8)) TDISTRIBUTION FOR + 78

PAOPOS(TION LET N BE A RANDOM COUNTING PRDCESS AND LET AZ0 . THE FOLLOWING

ARE EQUIVALENT

(@ N 15 A POISSON  PROCESS  WITH RATE 2 .

(b)  THE  (NTERCOUNT TI(MES Ui, Uy, ... ARE MUTUALLY INDBP., EXPONENTIALLY DISTRIBUTED

RVs WITH PARAMETER .



