University of Illinois Fall 2025

ECE 313: Problem Set 7: Problems and Solutions

Due: Friday, October 24 at 7:00:00 p.m.

Reading: FECFE 313 Course Notes, Sections 3.4 - 3.6.1
Note on reading: For most sections of the course notes, there are short-answer questions at
the end of the chapter. We recommend that after reading each section, you try answering the
short-answer questions. Do not hand in; answers to the short answer questions are provided in the
appendix of the notes.
Note on turning in homework: Homework is assigned on a weekly basis on Fridays, and is
due by 7 p.m. on the following Friday. You must upload handwritten homework to Gradescope.
Alternatively, you can typeset the homework in LaTeX. However, no additional credit will be
awarded to typeset submissions. No late homework will be accepted. Please write at the top right
corner of the first page:
NAME
NETID
SECTION
PROBLEM SET #
Page numbers are encouraged but not required. Five points will be deducted for improper headings.
Please assign your uploaded pages to their respective question numbers while submitting your
homework on Gradescope. 5 points will be deducted for incorrectly assigned pages.

1. [Using a CDF]
Let X be a random variable with a CDF defined as follows:

0 c<-10
$ —10<e<-5
Fx(c) = % -5<e¢<0
2 0<c<5b
1 ¢>5

Sketch the CDF and compute the following values:

(a) P(X <3.5)
Solution: Refer to Figure 1 for the sketch of the CDF.
And the probability of interest in this subproblem is:

4
Pr(X <3.5) = Fx(3.5) = ¢

(b) P(X > —4.37)
Solution: )
Pr(X > —-4.37)=1—- Fx(—4.37) = 3"

(c) P(X]<2)

Solution:

Pr(|X| <2) =Pr(X <2)—Pr(X < —2) = Fx(27) — Fx(-2) =
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Figure 1: CDF for Problem 1.

(d) P(X2<09)

Solution:
Pr(X?<9)=Pr(X <3) - Pr(X < -3) = Fx(3) - Fx(-37) =
(e) E[X]
Solution: Based on the CDF, we get the following pdf:
5 u=—10;
%a u==5;
— 2 —0-
px(U) - 15, U= Oa
%, U=295
0, otherwise.
With this, we obtain
1 1 1 29
EX|=—-10-=—-5-=45-—-=——.
X 2 6 + 5 6
(f) Var(X)
Solution: With this, we obtain
1 1 1 25 355
E[X?] = (=10)%- Z(=5)?- - 452 - =554+ — = =",
X% = (1002 (=52 g+ 52 =55+ = ==

Hence Var(X) = E[X?] — (—2)? = 1289/36.



2. [Exponential Distribution]
Suppose X has an exponential distribution with parameter A > 0. Answer the following in
terms of \.

(a) Determine E[X?].
Solution:

2
E[X% =E[X]* + Var(X) = G) - % = %

(b) Determine P{|X?| = 4} where || is the greatest integer less than or equal to .
Solution:

P{|X?| =4} =P{4< X2 <5} =P{2< X <5} = Fx(V5) — Fx(2) = ¢ 2 — ¢~ V5\,

3. [Random Variable Summation]
Let X ~ Uniform(0, 1) uniformly distributed over the unit interval. ¥ ~ Binomial(n = 2,p =
0.4) is a discrete random variable following the binomial distribution. Assume X and Y are
independent. Define a new random variable Z = X + Y.

(a) Find Fy (k) (CDF of Y)
Solution: First compute the pmf of Y

v(0) = 0.6° = 0.36
v (1) :<>06><0.4:0.48
v(2) =0.4% = 0.16

From pmf we can compute the corresponding CDF Fy (k) =3_,  ; py ().

0 k<0
036 0<k<1
0.84 1<k<?2
1 k>2

Fy (k) =

(b) Compute P{Z < 1.5}
Solution: Using law of total probability on all possible outcome of Y as partitions, we
get P{Z < 1.5} =Y _(P(Z <15Y =y). Note

P(Z<15Y=y)=P(X+Y)<15Y =y)
=PX<15-yY =y)=P{X<15-y}P{Y =y}

2
P{Z<15} =) P(Z<15Y =y)
y=0
2
=Y P{X <15-y}P{Y =y}
y=0
=1x036+0.5x048+0x0.16 =0.6
3



(c) Find Fz(k) (CDF of Z)
Solution: Using the same philosophy as (b), we have Fz(k) = Zzzo P{X < k-
y}P{Y = y}. The term P{X < k — y} follows

0 k<y
P X<k—-y}=Xk—y y<k<y+1
1 k>y+1
Therefore
(0 k<0
0.36& 0<k<l1

Fz(k) =4036+048(k—1) 1<k<?2
084+ 0.16(k—2) 2<k<3
1 k>3

(d) Find fz(k) (PDF of Z)
Solution: The PDF is the derivative of Fz(k) over continuous regions.

036 0<k<1
048 1<k<2
016 2<k<3

0 else

fz(k) =

4. [Poisson Process]
Let N = (Ny; t > 0) be a Poisson process with rate A = 2. Find:

(a) P(N1 > 1 | N2:2)
Solution: Let f(k) denote the pmf of Pois(2), so f(0) = e~2, f(1) = 2e72, f(2) = 2¢72.
Since Np ~ Pois(2) and Na — N ~ Pois(2) are independent.

P(Ny>1, Ny=2)=P(N; = 1,Ny—Ny = 1)+ P(Ny = 2, No—Ny = 0) = (1) f(1)+£(2)£(0) = 6e 4.
Since Ny ~ Pois(4), P(Na = 2) = =44 = 8¢~4. Thus

P(N;1 >1,Ny=2) 6e* 3

Pz 1IN =2 = =5 o "8 a1

(b) P(Na=2| Ny >1)
Solution: P(N; >1)=1—- P(N; =0)=1—e"2, hence

Ge 4

5. [Scaling PDFs|
Suppose that X and Y are the sampled values of two different audio signals. The mean
and variance of an audio signal are uninteresting: the mean tells you the bias voltage of the
4



microphone, and the variance tells you the signal’s loudness. For this reason, the audio signals
X and Y are pre-normalized so that E[X] = E[Y] =0 and Var(X) = Var(Y) = 1.

An audio signal Z is said to be “spiky” if P{|Z| > 30z} > 0.01, i.e., one-in-hundred samples
has a large amplitude.

Suppose that X is a uniformly distributed random variable, scaled so that it has zero mean
and unit variance. (1) What is P{|X| > ox}? (2) What is P{|X| > 30x}? (3) Is X spiky?
Be sure to consider both positive and negative values of X.

Solution: Since X ~ Uniffa,b] (e and b are unknown at this point), its mean and variance
are,

Blx] = 9t ax) =

(b—a)?
! |

12

Setting E[X] = 0 and Var(X) = 1 and solving for a and b gives: b = —a = /3. Next, we
calculate the probabilities of the two events as follows
P{|X|>ox}=P{X]|>1}
=P{l1<X <V3}Uu{-V3< X< -1}

V3
= 2/1 fx(u)du

V3o
=2 ——du
/1 2v/3
\/§—1_1 L

V3 V3’

Similarly,

P{X|>30x} = P{|X| >3}
— P({X < -3} U{X >3})
=0.

Hence, one can conclude that X is not a spiky audio signal.



