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Example 2.10.6 Let 0 < p < 0.5. Suppose there are two biased coins. The first coin shows heads
with probability p and the second coin shows heads with probability ¢, where ¢ = 1 — p. Consider
the following two stage experiment. First, select one of the two coins at random, with each coin
being selected with probability one half, and then flip the selected coin n times. Let X be the
number of times heads shows. Compute the pmf, mean, and standard deviation of X.
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2.33. [Which airline was late?]
Three airlines fly out of the Bloomington airport:

e American has five flights per day; 20% depart late,
e AirTrans has four flights per day; 5% depart late,

e Delta has nine flights per day; 10% depart late.

(a) What fraction of flights flying out of the Bloomington airport depart late?

(b) Given that a randomly selected flight departs late (with all flights over a long period of
time being equally likely to be selected) what is the probability the flight is an American

flight?
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2.29. [Estimation of signal amplitude for Poisson observation]
The number of photons X detected by a particular sensor over a particular time period is
assumed to have the Poisson distribution with mean 1 + a2, where a is the amplitude of an

incident field. It is assumed a > 0, but otherwise a is unknown.

(a) Find the maximum likelihood estimate, @z, of a for the observation X = 6.

(b) Find the maximum likelihood estimate, aysz,, of a given that it is observed X = 0.
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2.27. [Maximum likelihood estimation and the Poisson distribution]
An auto insurance company wishes to charge monthly premiums based on an individual’s
risk factor. It defines the risk factor as the probability p that individual is involved in a auto
accident during a trip. Assume that whether an accident occurred on one trip is independent
of accidents occurring on others, i.e., the insurance company assumes that drivers are reckless
and don’t learn to be cautious after being in an accident. The insurance company assumes
that each driver will be driving 120 trips a month.

(a) Determine the maximum likelihood estimate of the risk factor pasp if no accidents are
reported by a driver in a month. Repeat for the cases when the driver reports 1, 2 and
3.

(b) Assume that the actual value of p = 0.01. Compute the approximate values of P{X = k}
for k = 0,1,2,3 using the Poisson approximation to the binomial distribution, and
compare those approximations to the actual probabilities computed using the binomial
distribution.
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2.25. [Ultimate verdict]

Suppose each time a certain defendant is given a jury trial for a particular charge (such as
trying to sell a seat in the US Senate), an innocent verdict is given with probability ¢;, a
guilty verdict is given with probability ¢, and a mistrial occurs with probability ¢as, where
q1,qc, and gy are positive numbers that sum to one. Suppose the prosecutors are determined
to get a guilty or innocent verdict, so that after any number of consecutive mistrials, another
trial is given. The process ends immediately after the first trial with a guilty or innocent
verdict; appeals are not considered. Let T denote the total number of trials required, and let
I denote the event that the verdict for the final trial is innocent.

Find P(I|T = 1). Express your answer in terms of ¢y and g¢.

(a
(b) Find the pmf of 7.

b
(c
(d

Find P(I). Express your answer in terms of ¢; and ¢¢.
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Compare your answers to parts (a) and (¢). For example, is one always larger than the
other?
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2.28. [Scaling of a confidence interval]
Suppose the fraction of people in Tokyo in favor of a certain referendum will be estimated by
a poll. A confidence interval based on the Chebychev bound will be used (i.e. the interval is
centered at p with width \/iﬁ and confidence level 1 — a%, for some constant a, where p is the

fraction of the n people sampled that are in favor of the referendum.)

(a) Suppose the width of the confidence interval would be 0.1 for sample size n = 300 and
some given confidence level. How many samples would be needed instead to yield a
confidence interval that has only half the width, for the same level of confidence?

(b) What is the confidence level for the test of part (a)?

(¢) Keeping the width of the confidence interval at 0.1 as in (a), how many samples would
be required for a 96% confidence level?
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