University of Illinois ECE313: Conflict Final Exam Fall 2014

Tuesday, December 16, 2014, 7:00 p.m. — 10:00 p.m. Room 2013 ECE Building
Name (IN BLOCK LETTERS):
NetID: Signature:
Section: O C, 10:00 a.m. O D, 11:00 a.m. O E, 1:00 p.m. O B, 2:00 p.m.

Instructions

This exam is closed book and closed notes except that two 8.5” x11” sheets of notes are permitted: both
sides may be used. Calculators, laptop computers, PDAs, iPods, cellphones, e-mail pagers, headphones, etc.
are not allowed. A table of the ® function is at the end of the exam booklet.

The exam consists of thirteen problems worth a total of 200 points. Write your answers in the spaces
provided, and reduce common fractions to lowest terms, but DO NOT convert them to decimal fractions

3 24
(for example, write 1 instead of 32 or 0.75).
SHOW YOUR WORK; BOX YOUR ANSWERS. Answers without appropriate justification will receive very

little credit. If you need extra space, use the back of the previous page. Draw a small box around each of
your final numerical answers.

Grading
1. 12 points

2. 12 points

3. 12 points

4. 12 points

5. 12 points

6. 12 points

7. 18 points

8. 20 points

9. 10 points

10. 18 points

11. 20 points

12. 12 points

13. 30 points

Total (200 points)




1. [12 points] According to the Center for Disease Control (CDC), “Compared to nonsmokers,
men who smoke are about 23 times more likely to develop lung cancer and women who smoke
are about 13 times more likely.”

(a) (6 points) If you learn that a person is a woman who has been diagnosed with lung
cancer, and you know nothing else about the person, what is the probability she is a
smoker? In your solution, use the CDC information that roughly 15% of all women
smoke.

(b) (6 points) Suppose that in the USA, 15% of women are smokers, 18% of all adults are
smokers, and half of adults are women. What fraction of adult smokers in the USA are
women?



2. [12 points] (Suppose A, B, and C are three events such that
2
P(A)=P(B)=03, P(A°|B)= 3 P(C)=0.6, P(ABC)=0.1.

(a) (6 points) Fill in a Karnaugh map for A and B.

(b) (6 points) Fill in a Karnaugh map for A, B, and C satisfying the above assumptions
such that P(AC) is as small as possible. What is the minimum value of P(AC)?



3. [12 points] Let (Nt > 0) and (M;,t > 0) be independent Poisson processes, both of rate
A. Let T be the first time either of the two processes is positive.

(a) (6 points) Find the pdf of T'.

(b) (6 points) Find E[T].



4. [12 points] A square is picked at random from a standard 8x8 chess board, with all possi-
bilities having equal probability. (The side lengths of the square can be any of 1,...,8.) Let
X be the (random) length of the side of the picked square.

(a) (6 points) Find the pmf of X.

(b) (6 points) Find E [9_%] Give the final numerical answer for full credit.



5. [12 points] Let N be a line communication network that consists of 2 links in series, each of
which fails independently with probability p. Let M be a line communication network that
consists of 4 links in series, each of which fails independently with probability 1/2.

(a) (6 points) Find the value of p for which the probability of failure of A/ is the same as
the probability of failure of M.

(b) (6 points) Suppose you have 4 links that fail independently with probability 1/2 each,
and you can use them to build two communication networks. You have two design
options: In the 3+1 design option, one network uses three links in series and the other
just one link. In the 242 design option, both networks have two links in series. For
which design is the probability that both networks fail smaller?



6. [12 points] Recall that if X is a random variable with mean p and variance o2, then
Y = % defines the standardized version of X. For each of the following two choices of
distribution for X, carefully sketch and label the pmfs of X and Y. You should thus have a

total of four sketches for this problem.

(a) (6 points) X is the number generated by rolling a fair die. Carefully sketch and label the
pmf of X and the pmf of Y. (Hint: The standard deviation of X is given by o ~ 1.7.)

(b) (6 points) X has the binomial distribution with parameters n = 4 and p = 0.5. Carefully
sketch and label the pmf of X and the pmf of Y.



7. [18 points] Let S = X + Y, where X and Y are independent random variables, X is a
Bernoulli random variable with parameter p with 0 < p < 1, and E[Y] is finite.

(a) (6 points) Express Cov(X,S +Y) in terms of p.

(b) (6 points) If Y is a binomial random variable with parameters n — 1 and p, for some
n > 1, what is the distribution of S7

(c) (6 points) Find P{S = 3}, provided that Y is a geometric random variable with param-
eter ¢ with 0 < g < 1.



e " u,v>0

8. [20 points] Let X and Y have joint pdf fx y(u,v) = { 0 olse

(a) (7 points) Find the pdf of X2.

(b) (7 points) Find P{X +Y < 1}.

(c) (6 points) Let W = X2 and Z = X + 2Y. Find the joint pdf of W and Z.



9. [10 points] Let (/V¢, ¢ > 0) be a Poisson process with parameter 2. Suppose it is known that
N3 = 5. Find the linear minimum mean square error (MMSE) estimator of Nj. As usual,
show your work and/or justify your reasoning.



10. [18 points] Suppose random variables X and Y have the joint probability density function
(pdf):

4u? if0<v<u<l

0 else

fxy (u,v) = {

(a) Find the numerical value of E[XY].

(b) (6 points) Find the numerical value of the minimum mean square error constant estima-
tor, 6%, of Y.

(c) (6 points) Find the function g* so that ¢g*(X) is the minimum mean square error estimator
of Y based on observation X. Be as explicit as possible.
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11. [20 points] Suppose the covariance matrix of a random vector

(Here, the ij'" entry of the matrix is Cov(X;, X; ;). For example, Cov Xl, Xs)

(a) (5 points) Find Cov(X; + X2, X7 + X3).

(b) (5 points) Find a so that X2 — aX; is uncorrelated with X;.

(c) (5 points) Find the correlation coefficient, px, x,

(d) (5 points) Find Var(X; + X5 + X3).
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12. [12 points] A particular airplane holds 25 passengers, and it generally flies with all seats
full. Suppose the mean weight of a passenger is 150 pounds with a standard deviation of 30
pounds, and suppose the weights of the passengers are independent. Let S denote the total

weight of all the passengers.

(a) Find the mean and standard deviation of S. (Note that the standard deviation, in
addition to the mean, is requested here. Carefully calculate the numerical values.)

(b) Find the approximate numerical probability that the total weight of the passengers
exceeds two tons (4,000 pounds). (Hint: Do you expect your answer to be less than or

greater than 0.57 Is it?)
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13. [30 points| (3 points per answer)
In order to discourage guessing, 3 points will be deducted for each incorrect answer (no
penalty or gain for blank answers). A net negative score will reduce your total exam score.

(a) Consider events such that P(ABC) = P(A)P(BC) > 0 and P(AC) = P(A)P(C).
TRUE FALSE

O O  P(B|CA) = P(B|C)
O O  P(AIBC) > P(A)
0 O  If P(B) < P(C), then P(B|C) < P(C|B)

(b) Suppose there are two hypotheses about the pmf for an observation X :

H() : po(l) = 06, p0(2) = 03, p0(3) =0.1
Hy: pi(1) =01, pi1(2) = 0.4, p1(3) =0.5.

Also suppose that the priors on the hypotheses are given by mg = 2/3 and 7 = 1/3.
TRUE FALSE
(] g The ML decision rule chooses Hy if and only if X = 1.

O O The MAP decision rule always chooses Hy

(¢) Suppose U and V are independent, with each being uniformly distributed over [0, 1].

TRUE FALSE

a O P{U*+V2<1} =1
TRUE FALSE
a O P{U*+V*<1} < T

(d) Suppose X and Y are jointly Gaussian with mean zero and equal variances, such that
the correlation coefficient p satisfies p < 0.

TRUE FALSE
U O X +2Y is independent of X —2Y

TRUE FALSE
O O  P{X+2Y >10} > P{X —2Y > 10}

TRUE FALSE

O O E[Y|X] is a strictly decreasing function of X
13



Table 1: @ function, the area under the standard normal pdf to the left of z.
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0.5199
0.5596
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0.6103
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0.9706
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