University of Illinois Fall 2014

ECE 313: Hour Exam II

Wednesday, November 12, 2014
7:00 p.m. — 8:15 p.m.
Sect. B in 151 Everitt Lab, Sects. C&E in 100 Noyes Lab, Sect. D in 1404 Siebel Center

1. (a) Note that fx(u) = 0.5 for u € [0, 1] U [2, 3] because the pdf must integrate to one.
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(b) The pdf of Y has the same shape as fx, but is translated and stretched, with height 1/4
over its support.
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(c) Since fx is symmetric about 1.5, E[X]=1.5. ALTERNATIVELY,
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ALTERNATIVELY, we can use the area rule for expectations (FE[X] is the area bounded
by the vertical axis, the horizontal line of height one, and the graph of F) to get E[X] =
0.754 0.5+ 0.25 = 1.5.

(d) Applying the function e® to both sides of the inequality In(X) > 1 and using the fact
3—

2 < e < 3, shows that P{In(X) > 1} = P{X > e} = [ 0.5du = 35°.
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2. (a) Let X denote the lifetime of an EBunny battery. We would like to know if

P{X > 275} > 0.99.

By switching to a standard Gaussian random variable X , we find

X — 300 S 275 — 300)

P{X >275} =P
X >275) { 10 10

} = P{X > —25} = Q(—2.5) = ®(2.5) = 0.9938.
Since 0.9938 > 0.99, the EBunny batteries meet the requirement.

(b) Since E[Y] = np and Var(Y) = np(1 —p), we solve the following two equations for n and
p: np = 300 and np(1 — p) = 100. Since %p_p) =1—p,weseel —p= %, orp= %
Then n = 300 (3) = 450 days.

3. (a) The solution follows by observing that N(t+s) = (N(t+s) — N(t))+ N(t) and by using
the independent increment property of Poisson processes:

E[N(t)N(t+s)] = E[N#)(N(t+s) — N(t))] + E[N(t)?] = Mt As + At + (A1)
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5.

6.

(b) The event A of interest is
A={N@B3)—-N(1)=3, N(3)—N(2)=1, N(4) — N(2) =1}.
We can write A as the intersection of three independent events:

A = {N@2)-N1)=2 N@3)-N(@2) =1, N(4) - N(3) =0}
{N@2)-N1)=2}n{N@B) - N((2) =1} N{N(4) - N(3) =0}

. . —292 ,—291 ,—290 —6 .
yielding P(A) = ¢ 2!2 t 1!2 B 0!2 = 862 = 4e75,

(a) Since fx(u) = for u € [—1,1], LOTUS yields: E[Y] = fil ulidu = 1.
(b) We can start with the CDF of Y: for v < 0, it must be that Fy(v) = 0. Analogously,
for v > 1, it must be that Fy(v) = 1. For v € (0,1), we have Fy(v) = P{Y < v} =

1
P{—vi <X< vi} = 2”74 — i, Finally, the pdf of Y is the derivative:
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(a) The likelihood fx(v/2), or \/2;767( e , is maximized with respect to p when (v/2 —

,u)2 = 0, or the mean p is equal to the observed value: so iy = V2.

(b) Since (‘/250_20)2 = %, the likelihood function fx(v/2) becomes \/2;76_0%. We need to

find the value of o that maximizes it. The derivative of the logarithm of the likelihood
is given by
d 1 9 1 1 1
o2 <constant —5 In(c?) — 0’2> = 33 + ~
. 2— o?
2047

and it is positive if 02 < 2 and negative if 02 > 2. Thus, 027, = 2.

(a) No. For example, the support of fxy is not a product set.
(b) For 0 <wu <1, it holds that 2u < 2/u < 2 (see figure below).

v
2 LW
v =2u
1
v=2u

:

F

: |

0 1w




Therefore,
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(c)
)R, 3udv=6u(l —u) f0<u<l
Fxlu) = {0 else

(d) (Since fx(u) is non-zero only for 0 < u < 1, the conditional pdf fy|x (v|u) is well defined
only for 0 < u < 1.) For 0 < u < 1,

fy|X(’U‘U) _ fY|X(U U) _ 6u(?iufu) = 2(11,1‘) if 2u <v <2
fX(U) 0 v<2uorv>?2

i.e., conditioned on wu, Y is uniformly distributed on the interval [2u, 2].



Table 1: @ function, the area under the standard normal pdf to the left of z.
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