University of Illinois Fall 2014

ECE 313: Hour Exam II

Wednesday, November 12, 2014
7:00 p.m. — 8:15 p.m.
Sect. B in 151 Everitt Lab, Sects. C&E in 100 Noyes Lab, Sect. D in 1404 Siebel Center

1. [24 points] (6 points) Suppose X is a random variable with the pdf shown.

fX( u)
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(a) (6 points) Carefully sketch and label the CDF of X.
(b) (6 points) Carefully sketch and label the pdf of Y, where ¥ = 2X + 1.
(c) (6 points) Find E[X]. Simplify as much as possible. Show your work or explain your
reasoning.
(d) (6 points) Find P{In(X) > 1}. (Hint: e = exp(1) ~ 2.72.)

2. [14 points] Suppose that the lifetime of a battery produced by company EBunny can be
modeled by a Gaussian random variable, with mean 300 days and variance 100 (days)?.

(a) (7 points) A buyer is interested in purchasing the batteries, but requires that at least 99%
of the batteries delivered have lifespan of at least 275 days. Do the EBunny batteries
meet the requirement? Justify your answer. (Note: A table of the ® function is on the
last page of the exam booklet.)

(b) (7 points) Let Y be a binomial random variable with parameters n and p such that Y has
the same expected value and variance as the Gaussian variable in the original problem
statement. Find n and p.

3. [12 points] Let {N(t), t > 0} be a Poisson process with rate .

(a) (6 points) Express E[N(t)N(t + s)], s,t > 0 as a function of A, s, and ¢.

(b) (6 points) Let A = 2 arrivals/hour and assume that the Poisson process models the
arrival of customers into a post office. Find the probability of the following event, which
involves three conditions:

(Three customers arrive between 1 and 3pm,
one customer arrives between 2 and 3pm,
and one customer arrives between 2 and 4pm.)

4. [14 points] Suppose X is a uniform random variable with support [~1,1] and Y = X4,
(a) (6 points) Find E[Y].
(b) (8 points) Find the pdf of Y, making sure to express it’s value over the entire real line.

5. [12 points] The random variable X is assumed to have a Gaussian distribution. It is observed
that X = v/2.

(a) (6 points) Suppose the variance of X is assumed to be one. Find the ML estimate of its
mean given the observation.



(b) (6 points) (For this part we assume the mean is known and the variance is to be esti-

mated, for the same observation X = ﬂ) Suppose the mean of X is assumed to be
zero. Find the ML estimate of the variance of X given the observation.

3u f0<u<l2u<v<2
6. [24 points] Suppose fxy (u,v) = {Ou 11 U= =TS i support shown:
else

Are X and Y independent? Justify your answer.

Find P{Y > 2V X}.

Find the marginal pdf, fx(u), —0o < u < oo.

Find the conditional pdf fy|x(v|u) for 0 <u <1 and —co < v < oo.

6 points
6 points
6 points

A~~~ —~
~— — ~— ~—

6 points



Table 1: @ function, the area under the standard normal pdf to the left of z.
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