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Announcements

 Midterm next Tuesday, October 22

11:00am — 12:20pm, in class
— All topics covered in Lectures 1to 15
— Homework 1-6, In-class projects 1-3, and Mini-Projects 1-2

« Beon time, exam starts at 11:00am sharp.
 You are allowed to bring only one 8"x11” sheet of notes

 Review Session Today, 5:00pm — 7:00pm, CSL 141

« Additional TA Office hours on Friday, 2:00pm — 5pm, CSL 249.
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oday’s

opIcS

e Quick Review on Joint Distribution Functions

— Example

* Independence of Random Variables

» Review of Material for the Midterm Exam
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Joint Distribution Functions

 We have concerned ourselves with the probability distribution of
a single random variable

« Often interested in probability statements concerning two or
more random variables

» Define, for any two random variables X and Y, the joint
cumulative probability distribution function of X and Y by

F(a,b)=P{X <a,Y <b}, —wo<a,b<w

* The distribution of X can be obtained from the joint distribution of
X and Y as follows:

F.(a) =P{X <a}
=P{X <a,Y <}
=F(a, )
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Joint Distribution Functions Cont'd

o Similarly, F, (b) =P{Y <b}=F(c0,b) Where X and Y are
both discrete random variables it is convenient to define the joint

probability mass function of X and Y by P(X,y) = P{X =X,Y =y}

«  Probability mass function of X Py (X) = Z P(X, )
y:p(x,y)>0

p,(Y)= D p(xY)

X:p(x,y)>0

« We say that X and Y are jointly continuous defined for all real x
andy

P{X e AY ¢ B}:j j f (X, y)dxdy
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Joint Distribution Functions Cont'd

« Called the joint probability density function of X and Y. The
probability density of X

P{X € A}=P{X € A,Y & (—o,0)}
— " jA f (X, y)dxdy

= .'A f. (x)dx

o (X)= Ji f (X, y)dy is thus the probability density function of X

. Similarly the probability density function of Yis f, (¥)=[ (X, y)dx
because

Fab)=P(X <aY<b)=[" [ f(xy)dydx
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Joint Distribution Functions Cont'd

* Proposition: if X and Y are random variables and g is a function
of two variables, then

E[9(X,Y)]=2. 2 9(% ) p(X,Y)

= [ gl y)f(x y)dxdy

 For example, if g(X,Y)=X+Y, then, in the continuous case

ues ues

E[X,Y]= (x+ y) f (X, y)dxdy

o —00 o —

P00 @O0

= [ [ xf(x, y)dxdy+ j j vf (X, y)dxdy

= E[X]+ E[Y]
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Joint Distribution Functions Cont'd

 Where the first integral is evaluated by using the foregoing
Proposition with g(x,y)=x and the second with g(x,y)=y

* Inthe discrete case E[aX +bY]=aE[X]+DbE[Y]

« Joint probability distributions may also be defined for n random

variables. If X;, X,,..., X, are n random variables, then for any
n constants a;, d,,..., a,

E[la, X, +a,X,+...a X ]=aE[X]+a,E[X,]+...+a E[X,]
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Example 3

Suppose that the joint probability mass function of X and Y is

(a) Find the probability mass function of Y.
(b) Find the probability mass function of X.
(¢) Find the probability mass function of Y — X.
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Example 3 (Cont’d)

a) Marginal PDF of Y: PY = j)

b) Marginal PDF of X:
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Example 3 (Cont’'d)

c) We first calculate the joint density function of X and Y-X
PX=4Y-X=k) = P(X=4Y=Fk+1)

(ki S plan
B i ) (k+1)!

ki
_E—Q,:'i'f\ }1.

I T

e Then summing up with respect to i, we get the marginal distribution of
Y — X, which is for k:

PY-X=k = Y P(X=iY-X=k)
i=0

__Q)i"\k = /"1::
k! £ 7!

i—=
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Independent Random Variables

 We define two random variables X and Y to be independent if:
F(X,y)=F, (X)F, (y), —o0<X<00,—0< Yy <0

* Independence of random variables X and Y implies that their
joint CDF factors into the product of the marginal CDFs.

« Applies to all types of random variables

e Incase XandY are discrete, the Frecedln definition of
independence is equivalentto P(X (R (y)

 [f X andY are continuous, the preceding definition of
independence is equivalent to the condition

f(x,y)=f, (X)f,(y), —0o<X<00,—0<y<0

assuming that f(x,y) exists.

* The joint distribution of X and Y when one of them is a discrete
random variable while the other is a continuous random variable
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Independent Random Variables Cont’'d

o If Xis discrete and Y is continuous their independence becomes:

P(X=x,Y <y)=py(x)fy(»), allx and y
* The definition of joint distribution, joint density, and

Independence of two random variables can be easily
generalized to a set of n random variables, X, X,,..., X

 Example (Independent R.V.)

« Assume that the lifetime X and the brightness Y of a light bulb
are being modeled as continuous random variables. Let the
joint pdf be given by f(X,y)=A4Ae ) 0<x<0,0<y <o

n [

 This is known as the bivariate exponenti deensity.
 The marginal density of X is Jr(x)= T_wf(x; y)dy
0 —(4x+4)
= [ “Ae dy

=Je " 0<x<®o
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Independent Random Variables Cont’'d

«  Similarly fy(y)=4,67,0<y<w
« |t follows that X and Y are independent random variables:

F(xy)=1(x)T(y)

« The joint distribution function can be computed to be

Fouy)=[ [ fuv)dvdu

—00

*X y _
= jo A, A6~ dy du

=(1-e")1-e7"),0<x<0,0<y< o
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Exam Review

* Basic Concepts:

Random experiment is an experiment the outcome of which is not certain

Sample Space (S) is the totality of the possible outcomes of a random
experiment

Discrete (countable) sample space is a sample space which is either
« finite, i.e., the set of all possible outcomes of the experiment is finite

« countably infinite, i.e., the set of all outcomes can be put into a one-
to-one correspondence with the natural numbers

Continuous sample space is a sample space for which all elements
constitute a continuum, such as all the points on a line, all the points in a
plane

An event is a collection of certain sample points, i.e., a subset of the
sample space

« Universal event is the entire sample space S

e The null set & is a null or impossible event
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Exam Review

 Algebra of Events
— The intersection of E; and E, is given by:

« E,nE,={s € S|sisanelement of both E; and E,}
— The union E; and E, is given by:
e E,UE,=={s € S|eithers € E, ors € E, or both}
— Ingeneral: |E; U E,|<|E |+ |E,|
» where |A| = the number of elements in the set (Cardinality)

— Definition of union and intersection extend to any finite number of sets:

UE =E,UE,UE,U..UE,

i=1

(JE.=ENE,NEN..NE,
i=1
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Exam Review

* Mutually exclusive or disjoint events are two events for which
AnNnB=0

« Alistofevents A, A,, ..., A, Is said to be
— composed of mutually exclusive events iff:

A ifi=j

%) otherwise

AimAj {

— collectively exhaustive iff: AJjUA, U ... UA=S
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Exam Review

 Probability Axioms

Let S be a sample space of a random experiment and P(A) be the
probability of the event A

The probability function P(.) must satisfy the three following axioms:
(Al) For any event A, P(A) >0
(probabilities are nonnegative real numbers)
(A2)P(S) =1
(probability of a certain event, an event that must happen is equal 1)

(A3) P(Au B) =P(A) + P(B), whenever A and B are mutually exclusive
events,i.e, ANB=0

(probability function must be additive)

(A3”) For any countable sequence of events A, A,, ..., A, ..., that are
mutually exclusive (that is A; n A, = & whenever | # k)

P(UA,)= SP(A)
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Exam Review

« (Ra) ForanyeventA, P(A)=1-P(A)
 (Rb) If @ is the impossible event, then P(&J) =0

 (Rc) If A and B are any events, not necessarily mutually
exclusive, then

P(AuB) =P(A) + P(B) - P (A " B)
* (Rd)(generalization of Rc) If A, A,, ..., A, are any events, then
P(UA)=PAUAU..UA)=YPA)- Y PAN AJ.)
i=1 i

l<i<j=n

£ 3 PANANA)+.+(=1)"'P(ANAN..NA)

I<i<j<k=n

where the successive sums are over all possible events, pairs of
events, triples of events, and so on.

(Can prove this relation by induction (see class web site))
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Exam Review

« Combinatorial Problems
— Permutations with replacement:
» Ordered samples of size k, with replacement P(n, k)
— Permutations without replacement

e QOrdered Samples of size k, without replacement
n!
n(n—-21)...(n—k+1)=— _
(n-1)...( ) h_r!  k=L2..n

— Combinations
» Unordered sample of size k, without replacement

LnJ B n!
k) k!(n—Kk)!

e Binomial Theorem

- y)nzi[ n ]xkynk

k=0 k
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Exam Review

« Conditional Probability of A given B (P(A|B)) defines the
conditional probability of the event A given that the event B
occurs and is given by:

P(ANB)
P(B)
If P(B) # 0 and is undefined otherwise.

P(A|B) =

A rearrangement of the above definition gives the following
multiplication rule (MR)

P(B)P(A|B) if P(B)#0
P(AnB)=7 P(A)P(B|A) if P(A)#0
0 otherwise

P(ANB)=P(A)P(BIA)=P(B)P(AIB)

e Or:
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Exam Review

« Theorem of Total Probability
« Any event A can be partitioned into two disjoint subsets:
A=(AnB)U(ANB)
P(A)=P(ANB)UP(ANB)
= P(A|B)P(B) + P(A| B)P(B)

e Then;

* Ingeneral:

P(A)=>"" P(A|B,)P(B)

« Bayes Formula:

P(B,nA) B P(A|B;)P(B;)
P(A) D P(A|B)P(B)

P(B, | A) =
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Exam Review

 Independence of Events:
« Two events A and B are independent if and only if:
P(A|B)=P(A)

e Orevents A and be are said to be independent if:
P(AB)= P(A)P(B)
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Exam Review

« Reliability Applications:
— Recovery blocks
— Series and parallel systems:
 Series System: R = P ("The systemis functioning properly.”)

= P(A1ﬂA2 ﬂAn)
= P(4,)P(4,)---P(4,)
= EIlR,- (2.1)

» Parallel System: _
szl—szl— (I-R)

i=1

* In general: R, =f[[1—(1—Rl-)ni]

i=1

« Bayes formula in example non series parallel systems
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Exam Review

e Bernoulli Trials
— The probability of obtaining exactly k successes in n trials is :

n
P(k)=(kakq” K=0,1,..n

* NMR System: [

m

n = P('mor more components functioning properly™)

= P(|_J{"exactly i components functioning properly"})

i=m

= > P("exactly i components functioning properly™)

i=m

=3 () - imm_ Ry
e TMR System: R

—_ 2 3 Input /’\ Output
RTMR _ 3R —2R R /\V‘jt‘j >
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Exam Review

e Random Variables:

— Arandom variable X on a sample space S is a function X: S — R that
assigns a real number X(s) to each sample points € S.
— Discrete random variables: The random variables which are either finite
or countable.
— Bernoulli
— Binomial
— Poisson
— Geometric
— Modified Geometric
— Continuous random variables: The random variables that take on a
continuum of possible values.
— Uniform
— Normal
— EXxponential
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Exam Review

« Cumulative distribution function (cdf) (or distribution
function) F(-) of a random variable X is defined for any real
number b,—oo < b < oo, by F(b) = P{X <b}

« F(b) denotes the probability that the random variable X
takes on a value that is less than or equal to b.

« Some properties of cdf F are:
I. F () isanon-decreasing function of b,
. lim F(b) =F () =1,
ii. lim F(b) = F(—) =0.

b—+00

b——o0

« All probability questions about X can be answered in terms of
Cdf F(). €9 pra < X <b}=F()—F(a) foralla<b
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Exam Review

« Discrete Random Variables: fx(x)
— Probability mass function (pmf): S I
 p(a)=P{X =3} HTW
* Properties:
p(XI)>O’ |:1,2, ’ 5 5, S Sn P
p(x) =0, forother values of x
Z p(x) =1
i=1
— Cumulative distribution function (CDF):  Fx(x)
all xi<a " "
« A stair step function o : — > X
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Exam Review

f(y)
e Continuous Random Variables: [

— Probability distribution function (pdf):
P{X e B} = | f(x)dx
B

» Properties: ]

1=P{X & (-o0,00)}=[ f(x)dx ST —
 All probability statements about X can be answered by f(x): pdf
P{a< X <b}= j f (x)dx

P{X =a}= j f (x)dx =0

F(x)

— Cumulative distribution function (CDF):

F,(x)=P(X <x)= j f(fdt , —o<x<oo

d —00
» Properties: —— F(a)=f(a)
A continuous function
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Exam Review

« Summary of important distributions:

Distribution PDF or PMF Mean | Variance
- ; P, ifz =1 | o
Bernoulli(p) 1 p. ifz=0. p p(1—p)

Binomial(n, p) (?) p" (1 —p)"Ffor0<k<n | np npq
Geometric(p) p(l —p)¥ 1 fork=1,2,... % 13;3:.
Poisson(\) e\ /z! fork=1,2,... A A

=
Uniform(a,b) L Vze (ﬂ.; b) ath {b:?
N e e 2 1 —I—;‘z— 9
Gaussian(p, o) =t [ o
Exponential(\) | Ade™* 2z >0,A> 0 % le
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Exam Review

« Memory-less property of Exponential

F(x)

Conditional probability density function of
Y =X-tgiven X >t
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Exam Review

 Expectation:
« The Discrete Case E[X]= ZXP(X)

X:p(x)>0

« The Continuous Case E[X]= fw xf (X)dx

 Expectation of function of a random variable

E[g(X)]= 2> a(x)p(x)

x:p(x)>0
E[g(X)]=] g(x)f (x)dx

E[aX +b] = aE[X]+b

« Corollary:
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{ Exam Review

 Moments:
( Z(é(xi) P, (X), if X isdiscrete,

E[Y]=E[g(X)]=1 .. -
J_oo¢(x) f, (x)dx, if X iscontinuous,

Y =X"=>E[X"], n>1 #, = E[(X = E[X])"]
e Variance:
D (x—E[X])?p(x) if Xisdiscrete

Var[X]= u’ =o°X =1
[X]=u"=0c j_ (x—E[X])* f (x)dx if X iscontinuous

Var(X)=E[X*]-(E[X])*

« Corollary:
Var[aX +b]=a*Var(X)
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Exam Review

e Functions of random variables
— Examples shown in the class

* Reliability function and Mean time to failure:
— Let T denote the time to failure or lifetime of a component in the system

R(t)=P{T>1} =1—F(1)

E[T]= T R(t)dt = MTTF

— If the component lifetime is exponentially distributed, then:

ELT]= [edt =%
R(t) — e-/it 0
. 1 1
Var['r]:£2te Mdt—?:?
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Exam Review

 Joint distribution functions:

— For any two random variables X and Y, the joint cumulative probability
distribution function of X and Y by:

F(a,b)=P{X <a,Y <b}, —w<a,b<w

— Discrete:
» The joint probability mass function of X and Y

p(x,y) =P{X =XxY =y}
e Marginal PMFs of X and Y:

P ()= D p(xy)

y:p(x,y)>0

p,(Y)= D p(x,y)

X:p(x,y)>0
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Exam Review

e Joint distribution functions:
— Continuous:
* The joint probability density function of X and Y

P{X e AY ¢ B}:j j f (x, y)dxdy

» Marginal PDFs of X and Y:
f ()= f(x y)dy

f(y)=[ f(xy)dx

» Relation between joint CDF and PDF

Fab)=P(X <aY<b)=[" [ f(xy)dydx
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Exam Review

* Function of two joint random variables

E[9(X,Y)]=2. 2 9(x ) p(X,Y)

= [ [ g y) f(x y)dxdy
* For example, if g(X,Y)=X+Y, then, in the continuous case
Elx+Y]=|" [ ety fxp)dedy

= Ii Ijoxf(x, y)dxdy + Ijo I_ZYf(xa y)dx dy
= E[X]|+E[Y]
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Exam Review

 Independent Random Variables: Two random variables X and
Y are said to be independent if:

F(X,¥)=F, (X)F, (y), —0 <X <00,—0< Yy <0

« |fXandY are continuous:
f(x,y)="Ff, (X)f, (y), —0o<X<0,—00<y <0

e If Xis discrete and Y is continuous:
P(X=x,Y <y)=p,(x)f,(»), all x and y

lyer - Lecture 16 ECE 313 - Fall 2013



	Joint Distribution Functions, Independent Random Variables 
	Announcements
	Today’s Topics
	Joint Distribution Functions
	Joint Distribution Functions Cont’d
	Joint Distribution Functions Cont’d
	Joint Distribution Functions Cont’d
	Joint Distribution Functions Cont’d
	Example 3
	Example 3 (Cont’d)
	Example 3 (Cont’d)
	Independent Random Variables
	Independent Random Variables Cont’d
	Independent Random Variables Cont’d
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review
	Exam Review

