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Today’s Topics 

•  Probability Density Function 
•  Relation between CDF and PDF 

•  Normal or Gaussian Distribution 
•  Exponential Distribution 
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Probability Density Function 

•  For a continuous random variable, X, f(x) = dF(x)/dx is called the 
probability density function (pdf or density function) of X. 

•  The pdf enables us to obtain the CDF by integrating under the 
pdf: 

•  We can also obtain other probabilities of interest such as:  

Fx (x) = P(X ≤ x) = fx (t)dt             − ∞ < x < ∞
−∞

x

∫

P(X ∈(a,b]) = P(a < X ≤ b)
= P(x ≤ b) − P(X ≤ a)

= fx
−∞

b

∫ (t)dt − fx
−∞

a

∫ (t)dt

= fx
a

b

∫ (t)dt
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Relation Between CDf and pdf 

F(x)!

F(t)"
x" a" b" x!

1"
P(a < x ≤ b)"

CDF!

f(y)!

t" a" b"

F(t)" P(a < x ≤ b)"

y!

pdf!



 
Iyer  - Lecture 10 

         
ECE 313 - Fall 2013 

 
 

Probability Density Function (cont.) 

•  Unlike the pmf, the values of the pdf are not probabilities and it 
is acceptable if f(x) > 1 at point x. 

•  As is the case for the CDF of a discrete random variable, the 
CDF continuous random variable, F(t) satisfies the following 
properties: 
 (F1) 0 ≤ F(t) ≤ 1 for -∞ < t < ∞,  
 (F2) F(t) is a monotone non-decreasing function of t 
 (F3)                     and 
  

•  Unlike the CDF of a discrete random variable, the CDF of a 
continuous random variable does not have any jumps. 

1F(t)lim
t

=
∞→

0F(t)lim
t

=
−∞→
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Probability Density Function (cont.) 

•  The probability associated with event [X = c] = {s|X(s) = c} = 0:  
  (F4´) 

 
•  Because P(X = c) = 0, we have:  

 
•  So for the probability density function we have these properties: 

P(X = c) = P(c ≤ X ≤ c) = fx
c

c

∫ (y)dy = 0

P(a ≤ X ≤ b) = P(a < X ≤ b) = P(a ≤ X < b)
= P(a < X < b)

= fx
a

b

∫ (x)dx

= Fx (b)−Fx (a)

fx (x) ≥ 0 for all x ≥ 0, fx
−∞

+∞

∫ (x)dx =1
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Example 

•  The time (measured in years), X, required to complete a 
software project has a pdf of the form: 

•  Since fx satisfies property              , we know k ≥ 0.   
•  In order for fx to be a pdf, it must also satisfy (intergral over its 

full range  = 1): 

      
                                            therefore: k = 6 

•  The probability that the project will be completed in less than 4 months 
is given by: 

 
•  About a 26 percent chance 

fx (x) =
kx(1− x),            0 ≤ x ≤ 1,
0,                        otherwise.
# 
$ 
% 

kx(1− x)dx = 1
0

1

∫

k x 2

2
−
x3

3
# 

$ 
% 

& 

' 
( 
1
0

= 1

P(X < 412) = Fx (
1
3) = fx

0

13
∫ (x)dx = 727

0)( ≥xfx
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Normal or Gaussian Distribution 
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Normal or Gaussian Distribution 

•  Extremely important in statistical application because of the 
central limit theorem: 
–  Under very general assumptions, the mean of a sample of n mutually 

independent random variables is normally distributed in the limit n → ∞. 
•  Errors of measurement often possess this distribution. 
•  During the wear-out phase, component lifetime follows a normal 

distribution. 
•  The normal density is given by:  

  
 where                                        are two parameters of the 
distribution. 

f (x) = 1
σ 2π

exp −
1
2
x −µ
σ

"

#
$

%

&
'

2(

)
*
*

+

,
-
-
,      −∞ < x <∞

−∞ < µ <∞  and  σ > 0
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Normal or Gaussian Distribution 
(cont.) 

•  Normal density with parameters µ =2 and σ =1  

f x(
x)
!

0.4!

0.2!

-2.00! 1.00! 4.00! 7.00!-5.00!

x!

σ =1  

µ = 2"

1
σ 2π
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Normal or Gaussian Distribution 
(cont.) 

•  The distribution function F(x) has no closed form, so between 
every pair of limits a and b, probabilities relating to normal 
distributions are usually obtained numerically and recorded in 
special tables. 

•  These tables pertain to the standard normal distribution          
[Z ~ N(0,1)] --- a normal distribution with parameters µ = 0 , σ = 1  
--- and their entries are the values of:   

∫
∞−

−
=

z
t

Z dtezF 2
2

2
1)(
π
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Normal or Gaussian Distribution 
(cont.) 

•  Since the standard normal density is clearly symmetric, it follows 
that for z > 0: 

•  The tabulations of the normal distribution are made only for z ≥ 
0 To find P(a ≤ Z ≤ b), use F(b) - F(a). 

FZ (−z) = fZ (t)dt
−∞

− z

∫

           = fZ
z

∞

∫ (−t)dt

           = fZ
z

∞

∫ (t)dt

           = fZ (t)dt − fZ
−∞

z

∫
−∞

∞

∫ (t)dt

           = 1− FZ (z)
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Normal or Gaussian Distribution 
(cont.) 

•  The CDF of the N(0,1) distribution (       ) is denoted in the tables 
by     , and its complementary CDF is denoted by    , so:  Φ Q

)(zFZ

)()(1)( uuuQ −Φ=Φ−=
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Normal or Gaussian Distribution 
(cont.) 

•  For a particular value, x, of a normal random variable X, the 
corresponding value of the standardized variable Z is given by: 

•  The distribution function of X can be found by using: 

 
  alternatively:  

 

•  Similarly, if X is normally distributed with parameters µ and σ2 then  
Z = αX + β is normally distributed with parameters αµ + β  and α2σ2. 

σµ /)( −= XZ

)(         
)(         

)(         

)()(

σµ

σµ
σ
µ

zF
zXP

zXP

zZPzF

X

Z

+=

+≤=

≤
−

=

≤=

)()(
σ
µ−

=
xFxF ZX
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Normal or Gaussian Distribution 
Example 1 

•  An analog signal received at a detector (measured in microvolts) 
may be modeled as a Gaussian random variable N(200, 256) at 
a fixed point in time.  What is the probability that the signal will 
exceed 240 microvolts?  What is the probability that the signal is 
larger than 240 microvolts, given that it is larger than 210 
microvolts? 

P(X > 240) = 1− P(X ≤ 240)

                   = 1− FZ
240 − 200

16
# 
$ 
% 

& 
' 
( 

                   = 1− FZ (2.5)
                   ≈ 0.00621
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Normal or Gaussian Distribution 
Example 1 (cont.) 

•  Next: 

P(X ≥ 240 | X ≥ 210) =
P(X) ≥ 240)
P(X ≥ 210)

                                  =
1− FZ

240 − 200
16

# 
$ 
% 

& 
' 
( 

1− FZ
210 − 200

16
# 
$ 
% 

& 
' 
( 

                                  =
0.00621
0.26599

                                  ≈ 0.02335
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Normal or Gaussian Distribution 
(cont.) 

•  It is of interest to define a truncated normal density: 

       
 

       

•  Where: 

⎪⎩

⎪
⎨

⎧

≥⎥
⎦

⎤
⎢
⎣

⎡ −−
<

= 0,
2

)(exp
2

1
0,0

)(
2

2

xx
x

xf
σ
µ

ασ

dtt
∫
∞

⎥
⎦

⎤
⎢
⎣

⎡ −−
=
0

2

2

2
)(exp

2
1

σ
µ

πσ
α
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Normal or Gaussian Distribution 
(cont.) 

•  The introduction of α insures that 

 so that f is the density of a nonnegative random variable. 

•  For µ > 3σ, the value of α is close to 1, and for most practical 
purposes it may be omitted, so that the truncated normal density 
reduces to the usual normal density. 

  

∫
∞

∞−

=1)( dttf
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Failure Rate of the Normal Distribution 

•  The normal distribution is IFR, which implies that it can be used 
to model the behavior of components during the wear-out 
phase. 
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Normal or Gaussian Distribution 
Example 2 

•  Assuming that the life of a given subsystem, in the wear-out 
phase, is normally distributed with µ = 10,000 hours and σ = 
1,000 hours, determine the reliability for an operating time of 
500 hours given that  

–  (a) The age of the component is 9,000 hours, 
–  (b) The age of the component is 11,000. 

•  The required quantity under (a) is R9,000(500) and under (b) is 
R11,000(500).  
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Normal or Gaussian Distribution 
Example 2 (cont.) 

•  Note that with the usual exponential assumption these two 
quantities will be identical. 

•  But in the present case: 

R9,000 (500) = R(9,500)
R(9, 000)

                 =
f (t)dt

9,500

∞

∫

f (t)dt
9,000

∞

∫
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Normal or Gaussian Distribution 
Example 2 (cont.) 

Noting that µ − 0.5σ = 9,500 and µ −σ = 9,000,  we have:

R9, 000(500) =
f (t)dt

µ−0.5σ

∞

∫

f (t )dt
µ−σ

∞

∫

=
1− FX (µ − 0.5σ )

1− FX (µ −σ )
=

1− FZ(−0.5)
1− FZ (−1)

=
FZ (0.5)
FZ (1)

=
0.6915
0.8413

    (from tables)

= 0.8219
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Normal or Gaussian Distribution 
Example 2 (cont.) 

Similarly,  since µ +1.5σ = 11,500 and µ +σ = 11, 000,  we have:

R11, 000(500) = 1− FX (µ +1.5σ )
1− FX (µ +σ )

=
0.0668
0.1587

     (from tables)

= 0.4209
Thus,  unlike the exponential assumption,  R11,000(500) < R9,000(500);

that is,  the subsystem has aged.

It can be shown that the normal distribution is a good approximation to
the (discrete) binomial distribution for large  n,  provided  p is not close

to 0 or 1.  The corresponding parameters are  µ = np and σ 2 = np(1− p).
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Exponential Distribution 
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The Exponential Distribution 

•  The exponential distribution occurs in applications such as 
reliability theory and queuing theory.  Reasons for its use 
include: 
–  Its memoryless (Markov) property 
–  Its relation to the (discrete) Poisson distribution 

•  The following random variables will often be modeled as 
exponential: 
–  Time between two successive job arrivals to a computing center 
–  Service time at a server in a queuing network 
–  Time to failure (lifetime) of a component 
–  Time required to repair a component that has malfunctioned 
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The Exponential Distribution Function 

•  The exponential distribution function is given by: 

•  If a random variable X possesses CDF given in the above 
equation, we use the notation X ~EXP(λ), for brevity.  The pdf of 
X is given by: 

⎪⎩

⎪
⎨
⎧ ∞<≤−

=
−

  otherwise.                 ,0

,0 if       ,1
)(

xe
xF

xλ

otherwise   

.0 if
        

,0

,
)(

>

⎪⎩

⎪
⎨
⎧

=
− xe

xf
xλλ
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The CDF of an Exponentially 
Distributed Random Variable 

•  The CDF of an exponentially distributed random variable with 
parameter λ = 1 

x"

F(
x)
"

0"

1.0"

0.5"

1.25" 2.50" 3.75" 5.00"0"



 
Iyer  - Lecture 10 

         
ECE 313 - Fall 2013 

 
 

Exponential pdf 

F(
x)
"

0"

5.00"

2.50"

0.750" 1.50" 2.25" 3.00"0"

x"

λ = 5"
2"
1"
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Specifying the pdf 

•  While specifying the pdf, we usually state only the nonzero part. 
•  It is understood that the pdf is zero over any unspecified region. 
•  Since                    , the total area under the exponential pdf is 

unity.   
•  Also: 

and 

P(X ≥ t) = f (x)dx = e−λt
t

∞

∫

ba eeaFbFbXaP λλ −− −=−=≤≤ )()()(

1F(x)lim =
+∞→x


