
Exponential Distribution and Related Properties: 

If X is the time to failure lifetime of system and is exponentially distributed with parameter λ, 
then the PDF of X, the failure density function, is given by: 

 
The CDF of X is given by: 

 
The probability that the component survives until some time t is called the reliability R(t) of the 
component: 
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The instantaneous failure rate h(t) at time t is defined to be: 
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An exponential distribution is characterized by a constant instantaneous hazard function or 
failure rate: 

λ
λ

λ

λ

===
−

−

t

t

e
e

tR
tfth
)(
)()(

 

⎥
⎦

⎤
⎢
⎣

⎡
−= ∫
t

dxxhtR
0

)(exp)(
: A useful theoretical representation of reliability as a function of the hazard rate. 

 



Phase-type Exponential Distributions: If we have a process that is divided into r 
sequential phases, in which time that the process spends in each phase is: 

• Independent 
• Exponentially distributed 

 

Four special types of phase-type exponential distributions: 

1)  Hypoexponential Distribution: 

– Exponential distributions at each phase have different λ 
– For example, a two-stage hypoexponential random variable, X, with parameters λ1 

and λ2 (λ1 ≠λ2 ), is denoted by X~HYPO(λ1, λ2 ), has the following density and  
distribution functions and hazard rate: 

 

	
  

 

2)  r-stage Erlang Distribution: 

– Exponential distributions in each phase are identical (with same λ) 
– The number of phases (α) is an integer 
– An r-stage Erlang random variable, has the following density and distribution 

functions and hazard rate: 

 

 

3)  Gamma Distribution  

– Is a R-stage Erlang 
– But the number of phases (α) is not an integer 

4)  Hyperexponential Distribution: 

– A mixture of different exponential distributions 



Erlang and Hypoexponential Examples: Consider a dual redundant system composed 
of two identical components, where the secondary component acts as a backup of the primary 
one and will be powered on only after the primary component fails. A detector circuit checks the 
output of primary component in order to identify its failure and a switch is used to configure and 
power on the secondary component. Let the lifetime of the two components be two independent 
random variables X1 and X2, which are exponentially distributed with parameter  

Part a) Assume that the detection and switching circuits are perfect. What is the distribution of 
time to failure of the whole system? Derive the reliability function for the system. 

Solution: Total lifetime of the system can be modeled by a 2-stage Erlang random variable 
with the following density and reliability function: 

 

 

	
  

You can only use the r-stage Erlang formulas in the previous page (with r = 2), to derive these 
functions. 

Part b) Assume X1 and X2 are exponentially distributed with parameters λ1 and λ2 (λ1 ≠λ2), 
what would be the distribution of time to failure of the system? 

Solution: Since here the exponential distributions at each phase have different parameters λ1 
and λ2 (λ1 ≠λ2), the total lifetime of the system can be modeled by a 2-stage Hypoexponential 
random variable with the failure density function: 
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And the reliability of the system would be: 
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Non-Series-Parallel System Reliability Example: Consider the non-series-parallel 
system of six independent components shown in the following figure. Assume that the reliability 
of each component is equal to R. Determine an expression for the system reliability as a function 
of component reliabilities. 

 
Solution: In order to solve this kind of problems, we need to divide the system around a node 
into two separate sub-systems that their reliabilities can be calculated as series-parallel systems. 
The process of dividing is repeated until the resulting subsystems are of the series/parallel type. 
Then we should condition the reliability of the system on whether or not that module is 
functional, and use the Total Probability formula.  

Here, we pick node C to divide the system as follows: 

 
The part (a) is already of the series/parallel system, whereas part b needs further dividing around 
node E. Note that part b should not be viewed as a parallel connection of A and B, connected 
serially to D and E in parallel; such a diagram will have the path BCDF, which is not a valid path 
in the original system. 

Rsystem = Rc · Prob{System works | C is fault-free} + (1 − Rc) · Prob{System works | C is faulty} 

If C is not working, Prob{System works | C is faulty} = RF [1−(1−RARD)(1−RBRE)] 

If C is working, Prob{System works|C is fault-free} = RERF [1−(1−RA)(1−RB)]+(1−RE)RARDRF 

Rsystem=RC[RERF (RA + RB − RARB) + (1−RE) RARDRF] + (1−RC)[RF (RARD + RBRE − RARDRBRE)] 

If RA =RB =RC =RD =RE =RF =R, then Rsystem = R3. (R3 − 3R2 + R + 2)  
 
See the solution to problem 3 of the midterm exam as a simpler example. 



 
See the example in Slide 11 of Lecture 18 on Covariance of 2 continuous random variables. 



Hazard Rate: We discussed the importance of choosing intervals when solving questions on 
hazard rates and failure density functions based on the real data. Follow carefully, how the 
intervals are derived in the following two examples. In the first example, the intervals are fixed 
and both the intervals and number of failures are directly given by the data. But in the second 
example, the intervals are not equal and both the intervals and number of failures per interval are 
derived from the operating hours: 

Example 1: 

 

 

 



Example 2: 

A 10,000-hr life test on a sample group of 15 electric motors produced the following data: 

Motor Number Hours of Operation 
1-6 10,000 
7-10 8,000 
11 10,000 

12-14 6,000 
15 2,000 

 

Assuming that all the motors have failed by the end of the test, construct a table showing for each time 
interval, the failure density per hour  and the hazard rate per hour  for the 
data. Plot the  and  in one graph. Hint: See Lecture 20 examples. 

Solution: We first identify the number of failures occurred in each interval from the information provided 
on the hours of operation as follows. For example, for motor numbers 7-10, the hours of operation or 
lifetime is 8,000, so they all will fail by the end of the time interval 6000 - 8000. 

Time Interval Number of Failures Motor Numbers 
0 – 2000 1 15 

2000 – 6000 3 12, 13, 14 
6000 – 8000 4 7, 8, 9, 10 
8000 – 10000 7 1, 2, 3, 4, 5, 6, 11 

 

We can then derive the failure density and hazard rate per hour for each interval using the approach 
shown in Lecture 20, as follows. Please note that the total number of motors is 15, and the time intervals 
are not equal in this example. 

Time Interval Number of 
Failures 

Failure Density 
fd(t) (× 10-5) 

Hazard Rate 
hd(t) or zd(t) (× 10-5) 

0 – 2000 1 
  

2000 – 6000 3 
  

6000 – 8000 4 
  

8000 – 10000 7 
  

 

 

 



Hypothesis Testing with Continuous Random Variables:  

Example 1: 

 

 

Solution: 

 



 

 

 

 

 

 

 

 

 

 

 

 

 



Example 2: 

 

Solution: 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 


