University Problem Set #6: Solutions ECE 413
of Hlinois Page 1 of 3 Fall 2004

38.(a)

(b)

(©)

With N-ary replication of each component, each replicated component has probability of failure pN since
all the N copies of the component must fail for the replicated component to fail. The probability that all M
replicated components are in working order is thus (1 — pN)M
in the left-hand figure is thus 1 — (1 — pN)M

On the other hand, suppose that the entire system is replicated N times as shown in the right-hand figure.

, and the probability of failure for the system

Since each copy of the entire system fails with probability 1 — (l—p)M, the probability of failure for the
system in the right-hand figure is [1 — (l—p)M]N.
1-(1-02N°<0.001 = (1-0.2M5>0.999 = (1 - 0.2N) > 0.99979992 = 0.2N < 0.000200080

1/M
In(1 - (1-a)™"™)
= N > 6. More generally, N> E ¢

2 Inp where a is the desired maximum failure probability.

_ e

In(1 - (1-p™)

Put another way, in our car example, having a single gigantic car with 6 engines, 6 transmissions, 6 brakes,
... will provide more reliable transportation than having 17 separate cars. This may (or may not!) explain
why people buy one large SUV rather than 18 compact cars!

If M = 1000, we get N > 9 in the one case. The other case blows up on many calculators because the

[1-(1-02°N<0.001 = 0.67232N <0.001 = N > 18. More generally, N >

quantity 1 — (l—p)M =~ 1 —exp(-Mp) =1 —exp(-200) is very nearly 1. The Unix high-precision utility bc
gives its value as 0.999...99861610344 where there are 87 9’s preceding the 8616.... Since most cars
have 1000 (or more!) parts, the number of separate cars required to provide reliable transportation is far
larger than the number of cars in this world! On the other hand, a car with nine engines, nine transmissions
etc will provide the necessary reliability but it will be difficult to squeeze into most parking spaces!

Moral: Replicate at the component level, instead of replicating entire systems. It's a lot cheaper!

39.

(@)

(b)

(©)

Linguistic innocents are reminded that both Arabic and Hebrew are read from right to left. Number the
links as shown. Let V; denote the event that the i-th link is viable (i.e. working) and let A denote the event

that it is possible to call from ORIAC to SUCSAMAD.

VIVA LET

ORIAC 7 SUCSAMAD

NONABEL

NAMMA
If VZ has occurred, i.e. the VIVA LET to NAMMA link has been severed, then,
P(A|Vy ) =P(V{V,V5V7 U V{V3VeV4[Vy ) =P(V{V,V5V7 U V V3VeV7) by independence!
=P(V{V,V5V) + P(V{V3VgV7) — P(V{V,V3VsVVo) = 2(1 —p)* — (1 —p)® by independence! On the
other hand, if V4 has occurred, i.e the VIVA LET to NAMMA link is viable, then
P(A‘V4) = P(VI(VZ ) V3)(V5 UVG)V7|V4) = P(VI(VZ |\ V3)(V5 |\ VG)V7) by independence!
= P(V])P(V,UV3)P(V5 U VoP(V7) = (1 - p)*[(1 —p) + (1 - p) — (1 - p)*1? = (1 - p)*(1 - p*)?
=(1- p)4(1 + p)2 by repeated use of the independence of events. Hence,
P(A) = p[2(1 - p)* — (1 = p)°1 + (1 -p)(1 - p)*(1 +p)?= (1 - p)*(1 + 2p + p? - 2p%)
P(V5 |A)=P(ANV3 )P(A). But, P(ANV3 )=P[V|V,(Vs U V4VeV7V3 )
= {(1-p)![(1-p) + (1 -p)*~ (1-p)’11 - p)p= (1 -p)*(1 +p - p*)p. Hence,
(1-p'd+p-p*)p (1+p-p’)

P(V3/A)=1-P(V5 |A) =1— - : —= B

1-p)'d+2p+p°—-2p°) 1+2p+p°—2p

Clearly X is nonnegative, and cannot exceed 70. Also, X = 0 if either link #1 or link #7 has been severed

ie. if Vi v V; occurs. Thus, assume that V| V5 has occurred. As in part(a), we can calculate the
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capacity given that VZ has occurred and also given that V4 has occurred. Thus, given that VIVZ V5 has

occurred, the capacity from ORIAC to SUCSAMAD is 20 if only one of the paths from ZEUS to
NONABEL is working, and 40 if both are working, etc.. These capacities are indicated on the two
“Karnaugh” maps shown on the next page.

V1VZ V7 occurred V1V,4V7 occurred
V,Vs_, 00 01 11 10 VoVi— o 01 11 10
V3Ved 00 |0 | 0 | 20 | © V5Vl 00 0 0| 010
01 |0 0 20 0 01 0 20 | 20 | 20
11 |20 | 20 | 40 | 20 11 0 50 | 70 | 20
10 | O 0 20 0 10 0 50 | 50 | 20

From this, we get P{X =70} = (1 - p)7 {check: all links must work to get a capacity of 70},

P{X =50} =[(1-p)*~ (1 -p)"I(1 - p)* =(1 - p)° ~ (1 -p)” = (1 - p)°[2p — p?] {check: links 1, 3,4, 5,7
must work, and at least one of 2 and 6 must have failed which has prob p +p — pz, why?},
P{X=40}=(1- p)6p {check: all links except 4 must be in working condition},

P{X=20}=2(1- p)4p3 +7(1 - p)sp2 +2(1 - p)6p, {check: the first term corresponds to 1-2-5-7 and
1-3-6-7 as the only working links, the last term corresponds to 3 or 5 being the only failed link, and the
middle term corresponds to everything working except (2 and exactly one of 4 and 5) or (3 and exactly one
of 4, 5, 6) or (4 and exactly one of 5 and 6)},

P{X =0} = 1-P{X#0} = 1 - [(1-p)” + (1-p)° — (1-p) + p(1-p)°® + 2(1-p)*p? + 7(1-p)°p? + 2(1-p)p]
=1—(1-p)*1 +2p+p?—2p3)=1-P(A) as it should be!

Finally, E[X] = 70P{X = 70} + 50P{X = 50} + 40P {X = 40} + 20P{X = 20}

=20(1 — p)” +80(1 — p)°p + 50(1 — p)°> +40(1 — p)*p> + 140(1 — p)°p%. As a quick check, note that E[X]
=70 if p = 0 (totally incompetent terrorists!) and E[X] =0 if p = 1 (fearless liberation fighters not afraid to

die in the attempt!). It is interesting to plot these probabilities and expected values as a function
of p. P(A) = 80% for p=10.05 and decreases to 50% at roughly p = 0.2419... when E[X] = 21....

40. (a) Fx(1) =1, Fx(3/2) = 3/4. Thus, Fy(u) is not a nondecreasing function and thus cannot be a valid CDF.
(b) Yes. Fy(u) is a valid CDF, and is continuous except at u = 0.

P{X|>0.5} =1 —P{|X|<0.5} =1 — (Fx(0.5) = Fy(-0.57)) = 1 — (Fx(0.5) — F(-0.5))
=1—(1-(1/4)exp(-3/2) — (1/2)exp(-1)) = (1/4)exp(-3/2) + (1/2) exp(-1).
(© Fy(u) is not right continuous at u = 0 and thus cannot be a valid CDF.

41.(a) P(works for exactly 2 hours) =P{X =2} = FX(2+) -Fx(27)=1/4.

(b) P(works for more than 2 hours) =P{X>2} =1 - FX(2+) =1/4.

(© P(works for less than 2 hours) = P{X <2} = Fy(27) = 1/2.

(d) P(works for exactly 3 hours) = P{X =3} = Fx(3+) -Fx(37)=0.

(e) P(works for more than 1/2 but less than 3 hours) = P{1/2 <X <3} =Fyx(3") - FX((1/2)+) =7/8-3/16 =

11/16.
U] P(works for more than 2 hours given that the student works at all) = P{X >2|X > 0}
CP(X>2n{X>0})) pix>21 1-Fx@) 13 Iy
P{X >0} PIXZ08 1-Fyh 47 77
42.(@) This is a valid pdf. (b) This is a valid pdf.
1 1
(c) This is not a valid pdf because the function is negative for 0 <u < 1. However, f Inudu=ulnu-u
0
0

=-1,s0-Inu, u € (0,1) is a valid pdf.
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(d) This is not a valid pdf because the function is negative for u € (0,1). Also, since the function is positive
for u [le (1,2), Cf(u) cannot be a valid pdf for any C.
(e) This is a valid pdf.
3 3
(j)] Although f (2/3)(u—1) du=( 1/3)(u—1)2 = 1, this is not a valid pdf because the function is negative for
0
0
u € (0,1). Also, since the function is positive for u € (1,3), Cf(u) cannot be a valid pdf for any C.
o0
) Since f exp(—2u)du = 1/2, this is not a valid pdf. However, 2 exp(—2u), u € (0,0) is a valid pdf; it is the
0
exponential density with parameter 2.
o0
(h) Although f 4exp(—2u) — exp(—u)du =2 — 1 = 1, this is not a valid pdf because the function is negative for
0
u>1In4. Since the function is positive for u < In 4, Cf(u) cannot be a valid pdf for any C.
10 107
43.(a) j—zdx ——— =1/2
50 X X 20
10 10
®  F(y)= j—zdx =1-—,y>10.F(y)=0for y<10.
io X y
o (6) 2 (1) 10 1
(c) z I =11=| since 1-—F(15)=1—-— =—. Assuming independence of the events that the
~j)\3)3 15 3
devices exceed 15 hours.
44, Must choose C so that

01= j5(1—x)4dx =(1-¢)°

soc=1-(01)".



