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1.(a) vV 1-u?~v2 hasvalueV 12 at all points (u,v) on acircle of radiusr < 1. Thus, as can be deduced from the

left-hand figure below, the surfaceV 1-u?~v2 isahemi sphere of radius 1, and thus has volume 2p/3.
Consequently, the pdf surface encloses avolume 2pC/3 = 1 between itself and the u-v plane, giving that
C=3/2p. Exercise: so what i s the actual shape of the pdf called?

1 Q- 3

For those who cannot think geometrically but prefer to act integrally, adirect evaluation of the volume
begins by setting up the integral viathe middle figure above. For fixed v, =1 <v < 1, u varies between

/12 and +\/ 1~v2. The double integral is converted to polar coordinates and evaluated as shown below.

1 12 1 2p 1 .1
d oV Pduv= ¢ oCV12rdgdr=2pC 3V1+2rdr=205 232l =2BC
v=1 y =12 =0 g=0 r=0 o
giving C = 3/2p upon equating the volume to 1.
0.5 2p 0.5 0.5
()  PX2+Y2<025 = ¢ @2pN1+2rdqdr=3 9Virrdr :—(1—r2)3/2.:. . 1—%.
r=0 g=0 r=0

2.(a) Themargina pdf of X isthe area of the cross-section of the joint pdf at the point u. There are two casesto
be considered (0 < u < 1/2) and (1/2 < u < 1) as marked in the left-hand figure below. By inspection, we get
that the areais (4/3)" (1/2) = 2/3forO0<u< 1/2,and (4/3)" 1=4/3for 1/2<u< 1, and O for all other u.

123 O<u<x1l1/2,
Thus, fy (u) =1 4/3, 1/2 <u<1l, It is easily checked that the area under the pdf is 1.
10, elsawhere.

i 23, O<v<1/2,
4/3, 1/2<v<1,
, esawhere.

0
1/a
v=2u
ﬁ a
—
Cross-sections -u

where marked
(c) The probability desired isthe volume in the darkly shaded region shown in the middle figure above. We can
easily get the area of this region as the sum of two triangles (1/2)" (1/2) (U/4) + (1/2)" (1/2)" (1/2) = 3/16
and the probability is (4/3)" (3/16) = 1/4. Anti-segregationists (i.e. those who believe in integration) can
1

(b) From the symmetry of the joint pdf, it is obvious that f\ (v) = |
|

1 \Y w1
get the same answer by writing P{X <Y <2X} = ¢ 04/3dudv=2v/i3dv= v2/3! :%.
v=1/2 u=v/2 v=1/2 172

(d) The conditional pdf of X given Y = a isthe cross-section fy \,(u,a) of the joint pdf, normalized to have

unit area. Inthisinstance, it is obvious that the cross-section is arectangle, and hence given Y = a, the
conditional pdf of X isuniformon (1/2, 1) if 0 <a < 1/2, and uniformon (0, 1) if 1/2<a < 1.
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Thus, if0<a <1/2, then whileif 1/2 <a < 1, then
f _J 2 1/2<u<1, f _J 1, 0<ux<1,
XIY(ula) “ L0 otherwise, XIY(ula) ~ L 0 otherwise,

5.(a)

(b)

The theorem of total probability gives
1 1/ 1

fy (U) = o@ IY(u|a)fY (@)da = oéx IY(u|a)(2/3)da + 1/@ v (uja)(4/3)da on substituting the numerical

value of f\,(a)da from part (b).

Now, for fixed u, 0 < u < 1/2, fX|Y(u|a) =0if0<a <12, and fX|Y(u|a) =1if 1/2<a < 1. Hence, the
two integrals are 0 and (1/2)+(4/3), giving that f, (u) = 2/3 for all numbersu, 0 <u < 1/2. On the other
hand, for fixed u, 1/2 < u < 1, leY(ula) =2if0<a <1/2,and leY(ula) =1if 1/2<a < 1. Hence, the
two integrals are (1/2)+2+(2/3) and (1/2)+(4/3), giving that f, (u) = 4/3 for all numbersu, /2<u<1. This
isthe same answer asin part (b).

| = 1/(R1+Ry) takeson valuesin the range (1/2, ¥). Now, F (a) =P{l £ & =P{1/(R1+R) £ &

=P{R1+R5,3 a‘l}. Now, 1 < a< ¥ impliesthat al<1lwhilel/2<a<1 impliesthat 1 < alz<o2
Thus, we have the two cases to consider asillustrated in the figure below.

A utv =1/a
‘ a<l a>1
la-1 Va
> >
utv = 1/a
It follows readily from the diagrams that
30 a<1/2 N
] ' ’ I —2 _ —3
F@=j@-al22 12£afl, b f@=1"% & 1’5 £<a¥£ L
t1-a2n, 1<a<y, e s
Z=X2Y. Then,0<Z < 1,andfor0< a < 1, A
P{Z >a} =P{X2Y >a}
1 1
= 0 @udvdu= (Qu(l- a/u2) du
u=\/a v=a/u2 UZ’\/;
.I. 1
=u?—2aeln uy =(1-a)-(2ac¢ln 1—2a-|n\/g).

Hence, 1-Fz(a)=1-a + aslna for0<a < 1, andthe pdf f;(a) isgivenby dna,0< a < 1,and0
elsewhere. Quick check: Since0O< a <1, In a isnegative, and hencef,(a) > 0forO0O<a < 1.
Furthermore, Fz(a) =a — a<In a approaches 1 asa approaches 1. In short, we have obtained avalid pdf.

fxz(v):z\lfv-[fxofv)+fx(—\fv)] = z\lfv's \/12—p-[eX|o(—v/2s2>+exp<—v/2s2):S \/12—w-exp<—v/2s

2)

=1 sexp( v)o(l VYY2-1iqu2) wherel = 1252 and GU/2) =V p is agamma pdf with parameters (1/2, 1 ).
The sum of independent gamma random variables with parameters (t;, | ) is agammarandom variable with

parameter (Stj, | ). Since X 2, Y 2, and 22 are independent gamma random variables with parameter
(2, 1/232), W=X2+Y2+72 is agammarandom variable with parameter (3/2, 1/232). Its pdf is
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5 -1 .
710.2) e a) vo 11a[a ,
fw@) =1 Gt ’ av % i3 2 exp(-a/2s?), a3 o,
0 a<o0. fo a<o.

(c)

(d)

(e)

(f)

6.(a)

20

10

(b)

If's = 2, fyy(5) = (UBN'5/2p exp(-5/8).
E[W] = E[X2 + Y2 + z2] = E[X?] + E[Y?] + E[22] = 352 because X, Y, and Z are N(0,52) random

variables and E[X 2] =var(X) + nf = var(X) = s2 etc. We can check this by noting that a gamma random
variable with parameter (t,1 ) hasmean t/l . Shameless integrators can write
¥

¥
_6a_ |a 2 = 647 3 _4s? (5 _ 452(3) (1) of 1) - ae2

E[W] = % { exp(-a/2s©)da = x 2 eexp(—x)dx =—=G = G =3s
P N2 OV Vo N2/ \p\2/\2/ A2

on substituting 2s 2y for a and remembering that §(s) = (s-1)&(s-1) and that G(1/2) = \/[_3
E[H] = E[(Y2)mW] = (/2)mE[W] = (3/2)ms2 = (3/2)kT, i.e s2 =kT/m. The pdf of W can thus be

T(KT) %2, [2
expressed asfyy(a) = (m) op SXPLMalK), a0, whilethepdf of H = (MV2)W is
0, a<0o,
) P [b, =302 \
fu®) = “fy@om) = (Z\[, KT) epEOKT), b2 0, which isthe Maxwell-Boltzmann pof.
to, b< o0,
_ = prVW _ 2y — 2 _d _d 2
Fv(@) =MV £ g} =P[VW £ g} = W £ g} = Ry (9°). Hence, f\/(9) = Olng(g) = OIng(@1 )
= 2g9f\y (g 2) which gives the expression in the problem statement.
¥ ¥
, 2. ,
_Q 4 m\32 o 2mg°Qg. 0, [2KT . _ o [2KT - 2o —
E[V] —89 \/B(ZkT) 9P T gcg _06 mpx exp(—x)dx = mp (Substitute mg</2kT = x)
0
¥ ¥
0,71, [a 4 4s 2kT
Asacross-check, E[V] = ENNW] = \/gﬁ\// exp(-a/2s2)da = O xeexp(—x)dx = Z\/_on
[V]=E ]00 3\ 2p p( ) V2 p(=x) mp
0

substituting al2s? =x.

Thejoint pdf has constant value K on the shaded region shown in the left-hand figure below. The areacan
be computed as the difference in area of two triangles as (1/2)¢20220 — (1/2)+10+10 = 150, giving K = 1/150.

20

/

115 ——— 10

1/75

10 20 10 20 10 20 25 75 100

7
(u-50)/2.5

fr(x), themarginal pdf of R isthe cross-sectional area of the joint pdf at x. Now, the cross-section is
always arectangle of height 1/150, and its baseis 10 if 0 < x < 10, while the baseis 20—x if 10 £ x < 20.
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j 115, 0 < x <10,
Hence, we get that f (x) = | (20-x)/150, 10 < x < 20, whichisshown inthe middle figure above.
10, elsawhere.

(c)

Note that P{ student spends less than 10 hours studying for the ECE 313 Final} = 2/3.

T takeson valuesfrom O (when S = 0and R = 20, that is, the student is sleepless and hopelessly confused)
to 100 (when S =20 and R =0, that is, the student is well-rested and relies entirely on work done during
the semester to carry him/her through the Final Exam). For any u, 0 < u < 100,

P{T £ u} =P{S — R £ (u-50)/2.5} = (1/150)=shaded trapezoidal areain third figure above, but note that
there are specia cases to be considered when u < 25 and u > 75. We can now proceed to find

P{T £ u} =F(u) and differentiate to find the pdf, but an easier argument is as follows.

For 25 £ u< 75, and small du, P{u£ T £ u+du} » f-(u)=du

= volume between the two lines close together in the diagram = (1/ 150)-(10/\/_2)-(du/\/_2), since that thin

dliver has height (1/150), and the sides of the base are 10/V2 and (dw2.5)/\/2 respectively. We conclude
that f-(u) = 1/75for 25 <u <75. A similar argument shows that the pdf of T increases linearly from O at

u=0to 1/75at u =25, and decreases from 1/75 at u= 75to 0 at u = 100. In short, it looks as shown
above in the rightmost figure..



